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Abstract. Let K be a finite unramified extension of Q p . We parametrize the 
{if, r)-modules corresponding to reducible two-dimensional Fp-representations 
of Gk and characterize those which have reducible crystalline lifts with certain 
Hodge-Tate weights. 
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1. Introduction 

Buzzard, Jarvis and one of the authors [BDJj have formulated a generalization 
of Serre's conjecture for mod p Galois representations over totally real fields un- 
ramified at p. To give a recipe for weights, certain distinguished subspaces of local 
Galois cohomology groups in characteristic p are defined in terms of the existence 
of "crystalline lifts" to characteristic zero. More precisely, let K be a finite un- 
ramified extension of Qj, with residue field k, F a finite extension of F p containing 
k, ip : Gk — ► F x a character, and denote by S the set of embeddings of k in 
F. For each J C S, they define a subspace (or in certain cases two subspaces) of 
H 1 (Gk^ F(V0) which we denote Lj (or Lrj); with certain exceptions these subspaces 
have dimension |J| (see Remark 17.71 below for the relation between our notation 
and that of |BDJj ). The definition of these subspaces in terms of crystalline lifts is 
somewhat indirect, making it hard for example to compare the spaces Lj for dif- 
ferent J. Viewing the specification of the weights in terms of a conjectural mod p 
Langlands correspondence as in [BDJ[ §4] , such a comparison provides information 
about possible local factors at primes over p of mod p automorphic representations 
(see [Bre09] ). 

The aim of this paper is to describe them more explicitly using Fontaine's theory 
of (<y9, r)-modules. In particular, we prove that if ip is generic, as defined in §5.2[ 
then the subspaces are well-behaved with respect to J in the following sense: 

Theorem 1.1. If ip is generic and ip\i K ^ X ±X where x is the mod p cyclotomic 
character, then Lj — T ejL{ T }- 

We remark that Theorem 11.11 has been proved independently by Breuil |Bre09 , 
Prop. A. 3] using different methods. We also treat the case where ip\i K — X ±:L ; see 
Theorem 17.81 below for the statement. 

We also give a complete description of the spaces Lj (and Uj) in terms of 
((p, r)-modules when K is quadratic, without the assumption that ip is generic. In 
particular, we prove the following theorem which exhibits cases where the spaces 
Lj are not well-behaved as in Thcorcm ll.il 

Theorem 1.2. Suppose that [K : Q p ] = 2 and that ip is ramified. Writing S ~ 
{t, t'} 7 we have £{ r } = ^{t'} if an d on ^V if ^\i K = w 2 f or some fundamental 
character u>2 of niveau 2 and some integer i 6 {1, . . . ,p — 1}. 

This is part of Theorem 17.121 below; see also Theorem 17.151 for the case when i/j 
is unramified. 

The paper is organized as follows: In §2 we review preliminary facts on p-adic 
representations and ((p, r)-modules, and set up the category of etale (tp, r)-modules 
(corresponding to F[G^]-modules) in which we will be working. In §3 we give a 
parametrization of rank one objects in the category, and identify them as reduc- 
tions of crystalline characters of Gk using results of Dousmanis Dou07 . In §4 we 
construct bases for the space of extensions of rank ones. (In a different but related 
direction, see [Her98 ( HcrOll ILiu07) for computation of p-adic Galois cohomology 
via (<£>, r)-modules.) In §5 we introduce the notion of bounded extensions, mo- 
tivated by the theory of Wach modules which characterizes those (<p, r)-modulcs 
corresponding to crystalline representations (sec [Wac96, Wac97 ( Bcr02 ( Ber04b), 
and use this to define subspaces Vj^ which we compute in the generic and qua- 
dratic cases. In §6 we treat certain exceptional cases excluded from §§4,5. In §7 we 
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relate the spaces Lj and Vj in the generic and quadratic cases and prove our 
main results. We remark that a difficulty arises from the fact that the integral Wach 
module functor is not right exact; to overcome this we derive sufficient conditions 
for exactness which may be of independent interest. 

This paper grew out of the first author's Brandeis Ph.D. thesis [ChaOgj written 
under the supervision of the second author. The thesis already contains most of 
the key technical results in §§4,5. The authors are grateful to Laurent Berger for 
helpful conversations and correspondence, and to the referee for useful comments 
suggesting corrections and improvements to the exposition. The first author ex- 
presses his sincere gratitude to the second author for suggesting the project and 
for the guidance and encouragement during doctoral study. He would like to thank 
POSTECH, in particular Professor YoungJu Choie, for the hospitality in the final 
stages of writing the paper. He was supported by RP-Grant 2009 of Ewha Wom- 
ans University. The second author is grateful to the Isaac Newton Institute for its 
hospitality in the final stages of writing this paper. The research was supported by 
NSF grant #0300434. 

2. Generalities on p-adic representations 

In this section we summarize (and expand a bit upon) basic facts on p-adic 
representations, crystalline representations, (jp, r)-modules and Wach modules. We 
will give references for details and proofs along the way. For excellent general 
introductions to the theory, see |Ber04aj and |FOj . 

Let p be a rational prime and fix an algebraic closure Q p of Q p . If if is a 
finite extension of Q ( , contained in Q Gk denotes the Galois group Gal(Q p /A') 
and Ko denotes the absolutely unramified subfield of K . Let x '■ Gk Z* be 
the cyclotomic character and let 7 : Z p — »■ F p be the reduction modulo p, so that 
X = ~°X '■ Gk — > is the mod p cyclotomic character. We set K n = K(fi p ™) C Q p 
for n > 1, and get a tower of fields 

K = K c K t C • • • C K n c • • ■ C K oo C Q p 

where ifoo = Li n >iK n . We define Hk to be the kernel of X, i-e., Hk = Gal(Qp/ifoo) 
and set Tk — Gk/Hk — Ga^K^/ K ). In many cases where there is no confusion, 
we will simply write T for Tk suppressing K. We set T n — TK, n = Gal(ifoo/ K n ) 
for n > 1. 

2.1. Fontaine's rings. Here we give a summary of the constructions of some of 
the rings introduced by Fontaine that we will be using. See |Col99, CC98, F on94a] 
for more details. Let C p denote the p-adic completion of Q p and v p the p-adic 
valuation normalized by v p (p) = 1. The set 

E = lim C p = {x = (x^ , x& ,...)! x (€] G Cp, (x^+V f = x w } 

together with the addition and the multiplication defined by 

(a: + y) W = lim {x l+j + y l+j ) p3 and (xy)® = x {l) y {t) 

is an algebraically closed field of characteristic p, complete for the valuation «e 
defined by ve(x) — v p (x^). We endow E a Frobenius tp and the action of Gq p by 

= {{x^Y) and g((x®)) = (g{x®)) 
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if g G Gq p We denote the ring of integers of E by E + ; it is stable under the actions 
of tp and Gq p . Let e = (1, e^ 1 ), . . . , eW, . . .) be an element of E such that ^ 1, so 
that gW is a primitive p'-th root of unity for all i > 1. Then we(c — 1) = p/(p— 1) 
and Eq p is defined to be the subfield F p ((e — 1)) of E. We define E to be the 

separable closure of Eq p in E and E+ (rcsp. tue) to be the ring of integers (resp. 
the maximal ideal) of E + . The field E is stable under the action of Gq p and we 
have ~E Hq p = Eq p . The theory of the field of norms shows that ~E K '■= E Hfc is 
a finite separable extension of Eq p of degree \Hq p /Hk\ — [K^ : Q P (^ P ~)] and 
allows one to identify Gal(E/E^- ) with Hk- The ring of integers of Ejf is denoted 

Let A = IF(E) be the ring of Witt vectors with coefficients in E and let B = 
A[f /p] = Fr(A). Then B is a complete discrete valuation field with ring of valuation 
A and residue field E. If x G E, [x] denotes Teichmuller representative of x in A. 
Then every element of A can be written uniquely in the form X^>o-P 4 [ x j] anc ^ that 
of B in the form 'Yl< i ^ 00 P l [xi\- We endow A with the topology which makes the 
map x M> (xi)i e N a homeomorphism A — > E N where E N is endowed with the 
product topology (E is endowed with the topology defined by the valuation we)- 
We endow B = Ui e NP~*A with the topology of inductive limit. The action of Gq p 

on E induces continuous actions on A and B which commute with the Frobenius 
ip. Let 7r = [e] — 1. Define Aq p to be the closure of Z p [7r,7r _1 ] in A. Then 

A Qp = (^2 a nK l \ai G Z p , en -> as i -> -oo} 

and Aq p is a complete discrete valuation ring with residue field Eq p . As 
<p(n) = (I + iif - I and 7 (tt) = (I + tt) x ^ - 1 if g € G Qp , 

the ring Aq p and its field of fractions Bq p = Aq p [1/p] are stable under ip and the 
action of Gq p . Let B be the closure of the maximal unramified extension of Bq p 
contained in B, and set A = B n A, so that we have B = A[l/p\. Then A is a 
complete discrete valuation ring with field of fractions B and residue field E. The 
ring A and the field B are stable under ip and Gq p - If K is a finite extension of 
Q p , we define Aj^ = A Hk and = H Hk , which makes Ak a complete discrete 
valuation ring with residue field Ek and the field of fractions Hk = A-k • When 
K = Q p , the two definition of Ak and Bjf coincide. If F is a finite extension of K, 
then Bj? is an unramified extension of Hk of degree [Foe : K^]. If the extension 
F/K Galois, then the extensions B^/B^- and B^/B^ are also Galois with Galois 
group 

Gal(B F /B K ) = Gal(B F /B K ) = Gal(E F /E K ) = Gal^/i^) = H K /H F . 
In particular, if K is a finite unramified extension of Q p , we have 

Ak = { J]] o- n Ti n \ a n G Ok, in — > as n — > — oo} 

with ip acting as the Frobenius and L acting trivially on Ok- 

The homomorphism 6 : A+ -> O c „, J2n>oP n \- x n] ^ J2n>oP nx ™ is sur j ec - 
tive and its kernel is a principal ideal generated by u> = ir/tp^ 1 ^). We extend 
6 to a homomorphism B + = A + [l/p] — > C p and we set B^ R to be the ring 
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fimB + /(ker#) n . Then 8 extends by continuity to a homomorphism Bj R — > C p . 
This makes B~|~ R a discrete valuation ring with maximal ideal ker# and residue 
field C p . The action of Gq p on B + extends by continuity to a continuous ac- 
tion of Gq p on B^ R . The series log[e] = J2 n >A~ l)" -1 ^"/ 71 converges in B^ R 
to an element t, which is a generator of ker 8 on which a G Gq p act via the for- 
mula a(t) = x(°~)t- We set BdR, = B^ R [i _1 ] = FrBj R , and BdR comes with a 
decreasing, separated and exhaustive filtration Fif BdR := t z ^dR f° r * £ Z. Let 
A cris = {x = E„>o a ™^r G B dRl a « e A + ,a„ -> 0}. Then B+ is = A cris [I/p] is a 
subring of B^ R stable by Gq p and contains t, and the action of ip on B + extends 
by continuity to an action of B+ is . We have ip(t) = pt and wc define B cr j S to be 
the subring B+ ls [l/i] of BdR, and define the filtration FirB cris := Fif BdR n B cris . 

2.2. Crystalline representations. Let K be a finite extension of Q p , and let Kq 

denote its maximal absolutely unramificd subfield. 

Definition 2.1. A p-adic representation of Gk is a finite dimensional Q p -vector 
space together with a linear and continuous action of Gk- A Tip-representation of 
Gk is a Z p -module of finite type with a Z p -linear and continuous action of Gk ■ A 
mod p representation of Gk is a finite dimensional F p -vector space with a linear 
and continuous action of Gk ■ 

Remark 2.2. A Z p -representation T of Gk which is torsion- free over Z p is natu- 
rally identified with a (GK-stable) lattice of the p-adic representation V := Q p C2>z T 
of Gk- 

If B is a topological Q p -algebra endowed with a continuous action of Gk and if 
V is a p-adic representation of Gk, we define Db(V) := (B ®q V) Gk , which is 
naturally a module over B Gk . If, in addition, B is G/f -regular (i.e., -B is a domain, 
(Fr£?) Gx = B Gk , and every b E B — {0} such that Q p 6 is stable under G_R--action 
is a unit), then the map 

a v : B (g> B G K T> B (V) -> B ® Qp V 

defined by b <E> w i-> 1 <8> &i> is an injection (see §1.3 of Fon94b ). In particular, we 
have 

dim B G K D B (T^) < dim Qp V. 
(If _B is G^-regular, B Gk is forced to be a field.) 

Definition 2.3. If B is Gif-regular, we say that a p-adic representation V of Gk 
is B -admissible if dim B G K Dg(y) = dirriQ p V. We say that V is crystalline if it is 
B cr ; s -admissible and that V is de Rham if BdR-admissible. 

Remark 2.4. We have the following equivalent conditions: 

(1) dim sGjf T> B (V) = dim Qp V; 

(2) ay is an isomorphism; 

(3) B ® Qp V ~ B dim «p y as £[G*r]-modules. 
(cf. §1.4 of |Fon94bQ 

If V is a p-adic representation of Gk, DdR(V) := (BdR <8>q V) Gk is naturally 
a filtered i^-vector space. More precisely, it is a finite dimensional iC-vector space 
with a decreasing, separated and exhaustive filtration Fif DdR(V) := (FiFBdR <S>q 
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V) Gk of if-subspaces for i £ Z. If V is de Rham, a Hodge-Tate weight of V 
is defined to be an integer ft G Z such that Fil h D dR (V r ) ^ Fil /l+1 D dR (F) with 
multiplicity dim K Fil' l D dR (V r )/Fil /l+1 D dR (y). So there are dim Qp V Hodge-Tate 
weights of V counting multiplicities. We remark that this differs from the more 
standard convention (e.g., }Ber04al ) of defining —ft to be a Hodge-Tate weight of 
V for h as above. 

Definition 2.5. A filtered p-module over K is a finite dimensional .Kg-vector space 
D together with a cr-semilinear bijection tp : D —> D and a Z-indexed filtration on 
Dk '■= D ®k K 01 ^-subspaces which is decreasing, separated and exhaustive. 

If V is a p-adic representation of Gk, then D CT ig{V) := (B cr j s ®q V) Gk is a 
filtered ^-module over K. More precisely, the Frobenius on B cr j s induces a Frobe- 
nius map (p : D cr i s (V) — ¥ D cr i s (V) and the filtration on B dR induces a filtration 
FiPD cris (V) := D K n (FiPB dR ® Qf , V)° K on D cris (V). Moreover, D cris (y) has 
finite dimension over Kq and if is bijective on D cr j s (y). We get a functor 

D cris : Rep Qp G A ' ^MF^ 

from the category of p-adic representations of Gk to the category of filtered <p- 
modules over K . 

If D is a filtered ip- module over K of finite dimension d > 1, then A d D is 
a filtered (^-module of dimension 1. If e 6 Aj^D — {0} and ip{e) — Ae then 
val(A) is independent of choice of e and we define tjv(-D) := V P (A). Also, we define 
tn(D) = tH{Dx) to be the largest integer such that ¥u tH< " D \f\ K DK) is nonzero, 
i.e. FiV" {/\ k Dk) = ?\ d K D K for i < t H {D) and Fil^A^-D*-) = for i > t H {D). 

Definition 2.6. Let D be a filtered (^-module over K . We say that D is weakly 
admissible if tjj{D) — tjv(-D) and tu(D') < tjv(D') for every subobject £>' of D. 
We say that £> is admissible if D ~ D cris (V r ) for some p-adic representation V of 
dimension dimif _D. 

One can show that if V is a crystalline representation of Gk, then D cr ; s (V) 
is weakly admissible. The converse was conjectured by Fontaine, and proved by 
Colmez and Fontaine. 

Theorem 2.7 ([CF00 ). Every weakly admissible filtered ip-module over K is ad- 
missible. 

In sum, we have an equivalence of categories 

D cris : Rep c £ s G K -> MF% w - a ' 

between crystalline representations of Gk and weakly admissible filtered tp-modules 
over K with a quasi-inverse given by V cr i s (-) := (Fil°(-)) ¥>=1 . 

2.3. {ip, r)-modules. 

Definition 2.8. A {ip,T)-module over Ak (resp. B A , E#) is an A^'-module of 
finite type (resp. finite dimensional vector space over B A , E A ) endowed with 
a semilinear and continuous action of T k and with a semilinear map (p which 
commutes with the action of Tk ■ We say that a {ip, r)-module M over Ak (resp. 
Ek) is etale if <p{M) generates M over Ak (resp. E A ). A {<p, r)-module M over 
B A is etale if M contains an A^-lattice which is stable under <p and is etale. 
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Remark 2.9. We identify a (etale) (ip, r)-module over Ak killed by p with the 
corresponing (etale) (ip, r)-modules over Ek- 

If T is a Zp-representation of G K , we define D(T) = (A (g> Zp T) H '< . Then D(T) 
is naturally a module over of finite type. The Frobenius on A induces a 
Frobenius map cp : D(T) — > D(T) and the residual action of Tk on D(T) commutes 
with ip. One can also check that D(T) is etale over A^. Conversely, if M is an 
etale (ip, F)-module over Ak we define T(M) — (A ®a k M) v=1 , which is a Zp- 
representation of Gk- 

Theorem 2.10 (Ton9l]). The functor T t— > D(T) defines an equivalence of cate- 
gories 

D:Rep Zp GA^M^ et 

between Tip-representations and etale (ip,T) -modules over Ak with T as a quasi- 
inverse. It induces, by inverting p, an equivalence of categories 

D:Rep Qp GA->M^ r ' et 

betweenp-adic representations and etale (ip,T) -modules over^K with M i— > "V(M) := 
(B ®Bff D) v=1 as a quasi-inverse. Moreover, if T is a Z p -representation and V a 
p-adic representation ofGK, then 

rankz p T = rank Ajc D(T), 

dim Qp V = dim Bjf D(V). 

When we restrict the equivalence to the p-torsion objects we get the following. 

Corollary 2.11. The functor T H> D(T) defines an equivalence of categories be- 
tween mod p representations o}Gk and etale (ip,T k) -modules over'EiK- 

Now we introduce coefficients to representations of Gk and (ip, r)-modules to 
extend Theorem 12.101 and Corollary 12.111 We assume K is absolutely unramificd 
(of degree / over Q p ) and let F be a finite extension of Q p with ring of integers 
Of, uniformizer wf and residue field F. Consider the ring Ak,f '■— Of ®z p Ar- 
with the actions of ip and T k extended to Ak,f by linearity, i.e. ip acts as 1 (g> ip 
and 7 G Tk as 1 ® 7. We assume there is an embedding To : K F, which we fix 
once and for all, and put Tj — tq o ip 1 where ip is the Frobenius on K. We denote 
by S the set of all embeddings K <-} F and fix the identification S = Z/ /Z via the 
map Ti 1-4 i. We can then identify Ak.f with Aq f via the isomorphism defined 
by a ® bir n H> (ar(b) <g) n n ) T . Note that 

Aq p j = a n ir n \ a n € Of, a n -4 as n ->■ -00}, 

n£Z 

and the actions of ip and 7 G r^- on Aq f become 

<^(5o(7r),5iW, • • -,S/-iW) = (jit^W). • • • ,5/-i(vW),3o(¥'(7r ) )), 
7(5o(tt),5iW, ■ • -,S/-iW) = (So(7(i"))>3i(7(7r))>-- . ,g-/_i(7(7r))). 

We similarly define Br-/ = F®q p Ba- and Er-.f = F<&f p ~Ek and endow them with 
actions of ip and T. Note that B^j? = Aa,f[1/p] and E^j = Ak,f/^fA-k,f- 
Again identifying S with the set of embeddings k — > F, we have the isomorphism 
~Ek,f — F((ir)) s with the actions of ip and T^- given by the same formulas as above. 
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Definition 2.12. An Of -representation of Gk is a finitely generated O^-modulc 
with a continuous Op-linear action of Gk- A (ip, Y K)-module over Ak.f is a finitely 
generated Ajf.jr-module M endowed with commuting semilinear actions of T k and 
ip. A (ip, IV)-module M over Ak,f is etale if (fi(M) generates M over Ajf, or 
equivalently over Ak,f- 

We write Rep OF Gj<- for the category of ©F-representations of Gk, and M^' 'f* 
for that of etale (y>, rjf)-modules over Ak,f- We use analogous definitions and 
notation for representations of Gk over F and F, and rj^-modules over Hk,f 
and Ea',f. The category of etale (ip, Tk )-modules over Ej^j? is the main category 
we will be working in. Theorem 12.101 and Corollary 12.111 immediately yield the 
following: 

Corollary 2.13. The functor D induces equivalences of categories Rep c , F G/ s - — > 
M£j* Rep F G K -»• M£jf and Rep F Gx -> Mgjf. 

For each embedding r : if ^ F, let e T : Ak.f — > Aq pi j? denote the projection 
to the r-component, defined by a <g) bit 1 M> ar(6)7r l . If M is a (93, r)-module over 
Ak,f, then M = Jlres e rM, each e T M inherits an action of T, and tp induces 
semilinear morphisms e TOip M — > e T M compatible with the action of T. We use the 
same notation for (ip, r)-modules over B^-^ and Ek,f- 

Lemma 2.14. If M is an etale (<p,T) -module over Ak,f, then the following are 
equivalent: 

(1) T(M) is free over Of of rank d; 

(2) M is free over Ak of rank d[F : Q p ]; 

(3) M is free over Ak,f of rank d. 

If M is an etale (ip,T) -module over B^j? (resp. Ek,f), then M is free over Hk.f 
(resp. E k ,f) of rank dim F T(M) (resp. dim F T(M)). 

Proof. Suppose that M is etale over Ak.f- Then multiplication by p is injective 
on M if and only if it is injective on T(M). Thus M is torsion-free, and hence free, 
over Ak if and only if T(M) is free over Of- Since the A/f-rank of M coincides 
with the Z p rank of T(M), the first two conditions are equivalent. 

If M is free of rank d over Ak,f, then it is clearly free of rank d\F : Q p ] over 
Ak ■ Conversely suppose that M is free over Ak- Then each e T M is torsion-free, 
hence free, over the discrete valuation ring Aq jr. We need only show that each 
e T M has the same rank. Since M is etale, the maps 

e TOV M ®a Qp , f , v A Q P ,-F -> e T M 

are surjective, so we have rank(e Ti Af) < rank(e Ti+1 M) for all i £ Z/fZ. The 
equivalence between the last two conditions follows. 

The assertions for etale (<p, r)-modules over Bjf^ and J?*k,f are similar, but 
simpler since Bjf and Ex are fields. □ 

Finally, there are tensor products and exact sequences in the various categories 
of etale (<p, r)-modules, compatible via D with tensor products and exact sequences 
in the corresponding categories of representations of Gk- 
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2.4. Wach modules. It is very useful to be able to characterize whether a p-adic 
representation is crystalline in terms of the corresponding (ip, r)-module. This can 
be done via the theory of Wach modules if K is unramified over Q p . 

Let A+ = A n A+ = B n A+ and B+ = A+[l/p]. If if is a finite unramified 
extension of Q p , we set A+ = (A+) Hk = O k [[tt}] C A k and B+ = (B+) Hk = 

Definition 2.15. Let if be a finite unramified extension of Q p . We say that a 
Zp-representation T (resp. p-adic representation V) of Gk, is of finite height if 
there exists a basis of D(T) (resp. T)(V)) such that the matrices describing the 
action of ip and the action of Tk are defined over A^- (resp. B^). 

Colmez [Col99] proved that every crystalline representation is necessarily of finite 
height. The converse is not true in general and there are representations of finite 
height which are not crystalline. However, Wach Wac96, Wac97j proved that 
finiteness of height together with a certain condition (existence of a certain A^-- 
submodule of the corresponding (ip, r)-module) implies crystallinity. Berger |Ber02[ 
Bcr04b] then refined the results of Wach and Colmez as summarized below. 

Definition 2.16. Suppose a < b G Z. A Wach module over A^ (resp. B^,) 
with weights in [a, b] is a free A ^"--module (resp. B^-module) N of finite rank, 
endowed with an action of which becomes trivial modulo it, and also with a 
Frobenius map tp : _/V[l/7r] — > A^[l/7r] which commutes with the action of and 
such that ip(n~ a N) C iT~ a N and ir~ a N/tp(iT~ a N) is killed by q b ~ a where we define 
q := (p(tt)/tt. 

Theorem 2.17 ( [Ber04"b] ) . (1) A p-adic representation V is crystalline with 
Hodge-Tate weights in [a, b] if and only if T){V) contains a Wach module 
N(V0 of rank dimQ p V with weights in [a, b] . The association V 1— > N(V^) 
induces an equivalence of categories between crystalline representations of 
Gk and Wach modules over B^ ; compatible with tensor products, duality 
and exact sequences. 

(2) For a given crystalline representation V, the map T 1— > N(T) :— N(V) n 
D(T) induces a bijection between Gk -stable lattices ofV and Wach modules 
over A K which are A K -lattices contained in N(V). Moreover D(T) = 
A K ® A +N(T). 

(3) If V is a crystalline representation of Gk, o.nd if we endow N(V) with the 
filtration Fil*N(V) = {x G N(V)\(p(x) G g^N^)}, then we have an iso- 
morphism D cr i S (V) — y N(V^)/7rN(T^) of filtered tp -modules (with the induced 
filtration on N(V a )/ttN(^)J. 

Remark 2.18. If — V\ — >• V —> V% is an exact sequence of crystalline 
representations of Gk , then 

-¥ N(Vi) -¥ N(V) -> N(V 2 ) -»■ 

is an exact sequence of B^--modules. However N does not define an exact functor 
from Gk -stable lattices to A^--modules; indeed it fails to be right exact. We return 
to this point in more detail in gH 

Again by introducing an action of F to the categories, we get an analogous 
equivalence of categories between crystalline F-representations and Wach modules 
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over B^- F :— F ®q p B^. Here, by a crystalline F-representation we mean a finite 
dimensional F-vector space with a continuous action of Gk which is crystalline 
considered as a Q p -linear representation (i.e., forgetting F-structure). Similarly, for 
a fixed crystalline F- representation of Gk , we have a corresponding equivalence of 
categories between G^-stable 0F-lattices and Wach modules over A K F := Of®z. p 
A+ 

K' 

Corollary 2.19. Let k G Z> . An F -representation V of Gk is crystalline with 
Hodge-Tate weights in [0, k] (i.e., positive crystalline) if and only if there exists a 
B^- F -module N free of rank d := dimpiV) contained in D(V) such that 

(1) the T-action preserves N and is trivial on N/irN , and 

(2) ip(N) C N and N/ip*{N) is killed by q k . 

Moreover, if N is given a filtration by 

Fil l (A0 := {x e N\cp(x) e tfN} 
for i > 0, then we have an isomorphism 

D clis (V) ~ N/ttN 

of filtered (f-modules over F<g)Q p K where N/ttN is endowed with induced filtration. 

A standard argument (cf. Lemma 12 . 14[) shows that an F-representation V of 
Gk is crystalline if and only if the filtered (^-module D cr ; s (V r ) = (B cr ; s £3>q p V)° K 
is free of rank dim^ V over F ®q p K. We have a decomposition D cr i s (V) = 
® T :K^Fe T 'Dci-is(V) where e T D cris (t/) is the filtered F-vector space T>cms(V)®K® Qp F,e T 
F with the filtration given by FiPe r D cr i s (F) := e T FiPD cr i s (y). A labeled Hodge- 
Tate weight with respect to the embedding r : K =— » F is an integer ft e Z such 
that Fil' l e T D cris (y) ^ Fil' l+1 e T D cr i S (V r ), counted with multiplicity 

dim F Fil' l er D cris (F)/Fil ,l+1 er D cris (F). 

Lemma 2.20. If N is a Wach module over over A KF (resp. B^ F ), then N is 
free over A K F (resp. H KF ). 

Proof. We just give the proof for Wach modules over A K F ; the case of B^- F can 
be deduced from this or proved similarly. 

Let T denote the O^-representation corresponding to T, and let d denote its 
rank. The Of 8>z p if -module N/ttN is a lattice in D CTys (Q p ®z. p F), which is free 
of rank d over F <8>q p K. It follows that N/irN is free of rank d over Of (g)z p Ok- 
Since tt is in the Jacobson radical of A K F , Nakayama's Lemma shows that N is 
generated by d elements over A't- F . By Lemma [2. 141 we know that Ak f ® A + N 
is free of rank d over Ak,f, so it follows that N is free of rank d over A K F . □ 



3. Rank one modules 

In this section we give a parametrization of rank one etale (ip, r)-modules over 
Eif,_F (with a view toward parametrizing their extensions) and then identify them 
with the reduction modulo p of Wach modules of rank one over A^ F . 



EXTENSIONS OF RANK ONE (<p, T)-MODULES AND CRYSTALLINE REPRESENTATIONS! 1 

3.1. A parametrization. Denote by val w : F((tt)) — > Z the valuation normalized 
by val 7r (7r) = 1, and let A 7 G F p [[-7r]] be the unique ^f^-th root of which is 

= 1 mod n, if 7 G T. 

Proposition 3.1. For any C G F x and any c — (co, . . . , c/_i) G Z 5 , letting 
M = E K je with 

<p{e) = Pe = (CTT (p - 1)co ,tt (p - 1)ci , . . . ,TT (p ~ 1)c f- 1 ) e, 
7 (e) = G 7 e = (A^ S , Aip 1 A^'" 1 ? ) e, 

where = £;c = c iP^ summing over < i,j < f — 1, i — j = I mod /, defines 
an etale ((p,T) -module of rank one over F*k,f- Conversely, for any rank one etale 
(y, r) -module M over E^^ we can choose a basis e so that M = E^j?e with the 
action of ip and T given as above for some C and some c. Two such modules M 
and M' are isomorphic if and only if C = C and S c = Y> c' mod pf — 1. In 
particular, every rank one {ip,Y)-module over Ek,f can be written uniquely in this 
form with < c» < p — 1 and at least one Ci < p — 1 . 

Proof. To show that the given formula actually defines an etale (<p, r)-module we 
need to verify that Pip(Gj) = Gj-f(P) and G 7 y = G 7 7(G 7 '). The first identity 
holds as 

^(G 7 )/G 7 = (Af 1 - E «,...,Af t) -^- 1 ) 

To prove the second identity, as T acting componentwise, we need to show that 
A 77 ' = A7(A). But note that 

(A 7 7(V))^ = ^X(7)7 (^X(Y)) = ^W) 

TT \ 1 J TT 

and A 7 7(A 7 ') = 1 mod tt. The claim follows from uniqueness of A 7 's. Note also 
that the function 7 i-> A 7 is continuous since it is the composite of 7(7r)/x(7) 7r with 
the inverse of the continuous bijective function x M> a;(p /_1 )/(p _1 ) on the compact 
Hausdorff space 1 + 7rF p [[7r]]; it follows that the T-action we have just defined is 
continuous. 

We now prove that any rank one module can be written in this form. Suppose we 
are given a rank one module M = E^f-e such that <p(e) = (ho(7r), . . . , ft./_i(7r))e 
and 7(e) = (,9o( 7r )i • • • I 5/-i( 7r )) e - Note that if u € E^- F , by a change of basis e' = 
ue we get P' = (ip(u)/u)P and G' y = (■y(u)/u)G 7 where (p(e') = P'e' and 7(e') = 
G' e'. If u = (7r J , . . . ,7r J ), then tp(u)/u = {tt^ p ~ 1 ^ , . . . ,7r^ -1 ^). So we can assume 
that hi(7r) G F[[7r]] by choosing a large enough j > 0. We can "shift" between 
components by appropriate change of basis: if u = (1, . . . , 1, u^tt), 1, . . . , 1), then 
ip(u)/u = (1, . . . , 1, Mi_i(7r p ), Uj(7r) _1 , 1, . . . , 1). By successive changes of basis we 
can make it into a form where ip(e) — (h(ir), 1, . . . , l)e with h(ir) G F[[7r]]. Moreover 
for some choice of e, ip(e) = (Ctt v , 1, . . . , l)e for C G F x and v > as 
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and the map 1 + 7rF[[7r]] — >• 1 + 7rF[[7r]], u(tt) h> u(tt p )/u(tt), is surjective: as the 
map is multiplicative and 1 + 7rF[[7r]] is complete 7r-adically, it suffices to prove that 
for any s > 1 and a £ F x , 1 + air s t(ir) is in the image for some t(Tr) £ F[[7r]] x , and 
indeed 1 - a-rr s h-> (1 — a-K sp )/(l - a7r s ) = 1 + air s mod 7r s+1 . 
To show that (p — l)|u, we note that <^7(e) = 7^(e) if and only if 

f(9a,---,9f-i) = i(Ctt v ,1,---A) 
(go,...,g f -i) (CV,1,...,1) 

where G 7 = (.go, • • • , 9f-i)- This is equivalent to 

'ffi(7r p ) 5o(tt p ) \ // 7( 7r ) 



5o(tt) ' '"' S/-iW 

which implies that {"i{ir)/ir) v = go(^ pf ) / 9o{^) = 1 m °d ?r- If 5 G T is such that 
ST i generates T/Ti ~ then S(tt)/tt = x(S) mod 7r. Thus S(n)/n has order 

p— 1 modulo 7r so that p — l\v and </?(e) = (Gtt"' -1 )"', 1, • ■ • ,1) where (p— l)u> = v. 

To determine the corresponding action of 7 £ T, we note that (£7(e) = 795(e) if 
and only if 



9l (n p ) gv(n p ) \ _( fj(n)^ {p - 1)w 



9o(tt) ' gf-i(n)J \ \ n 



if and only if g a (7r pf )/g Q (n) = {7(tt)/tt)^-^ w = {~i{k)/kx{i)) (p ~ 1)w (the order 
of x being p - 1) and 31(71-) = g 2 (Tr p ), ■ ■ .,gf- 2 (n) = g f -i(ir p ), gf-i{n) = ga(n p ). 
Thus, to get gi's satisfying the above identity we just need to define <Jo(tt) such that 
So^'VsoM = (j(ir)/irxh)) (p - 1)w . If we set go(n) = a 7 A»™ with a 7 £ F x , 
we have g (n pf ) / g (7r) = A 7 (tX > /A»™ = A 7 (tt)^ = i^) hx{l)) (p - 1)w ■ 
Conversely if g' (n) £ E£ F satisfies 

flo^VSoW = (tW/^t))^ 1 '"" - 9o{* p ')/9oW, 

then /i(7r) = SoMffo" 1 ^) satisfies h(ir pf ) = h(w) and is therefore constant. Thus 
we see that the identity implies that go(ir) has the required form. 

Since G 77 ' = G 7 7(G 7 ), the map 7 i-> a 7 must define a character T — » F x , 
from which we conclude that 07 = x(7) j0 for some < jo < p — 1. Letting 
u=(-K,n p ,tt p , . . . , tt p ), we have 



= (t/- 1 ,1,...,1), 



7(it) / 7(77) / 7(?r)\ p / 7(71") \ P / 7(tt) n 



7T 

= (X(7),---,X(7)) modTr, 
so replacing e by w _J e for some j = j m °d p — 1 gives M = E K ^ F e with 

¥7 ( e ) = (G7r^- 1 )-,l,...,l)e, 

7(e) - (Xy(w) w , ) w , A 7 (^ /_1 )-)e 
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where < w < p' — 1. Write w = cq + c\p + • • • + Cf-ip* 1 with < c% < p — 1. 
Taking e' = ue with u = (1, 7r (p-i)(ci+c2P+-+c / _ lP "- 2 ) ! 1; _ _ _ ) y yields 

ip(e') = [Ctt (v - 1)co ,TT {p - 1)(ci+C2V+ - +c '-^\ 1, . . . , l)e. 

Doing this successively gives 99(e) = (C7r' p_1 ^ c °, 7r( p_1 ' Cl , . . . , 7n p-1 ) < V- 1 )e for some 
basis e. It's easily checked that those changes of basis that maintain G 7 = (1, . . . , 1) 
mod 7r are e' = ue such that u = (uq, . . . , with (p — 1)| val,r(uj) and that the 

corresponding action of 7 G T is given by 7(e) = (A^ c , A^ 1 c , . . . , A^ /_1 )e. 
Finally, we suppose that M is isomorphic to M' = FiK.Fe' with 

<p(e') = P'e' = (CVp- 1 ^, jr^ -1 ^, . . . , tt^K-i) e', 

7 (e') = G; e ' = (A^° 3 , A^ 1 c \ . . . , A^- 1 $ ) e' 

and determine when the two are isomorphic. After appropriate changes of bases 
we can assume that 

V (e) = Pe=(Cn^ w ,l,...,l)e, 
ip(e') = P'e' = (C'tt {p - 1)w \ 1, . . . , l)e' 

where w = ^ c and w' = ^ d satisfy < w, w' < p* — 1. 

Suppose that 14 = (uq, • • ■ G F is such that P' = (ip(u)/u)P and 

G 7 = ( r y(u)/u)G 1 for all 7 G T. Then 7(u )/wo = 1 mod 7rF[[7r]], so (p-l)|val 7r (u ). 

It follows that u = (u (7r), uo( 7rp/ 1 ),■■■, uo(^ p )) with u (tt) = u' (tt)it^ p ~ 1 ^ : ' for 
some u' (ir) G F[[7r]] x and j G Z, in which case we have 

ip{u)/u = (Tr^-^-^u'oinf- 1 , 1, . . . , 1). 

Thus, we conclude that M and M' are isomorphic if only if C = C and X] c iP' = 
c iP l mod pf — I. 

The last assertion is clear. □ 

We denote the module defined in the proposition by Mcc — Mc{c ....,c s _ 1 )- We 
simply write Mg for Mqs if C = 1. We also put 

MM Cc -) = K<p(C, 5) = (Gt^" 1 ^, ^p- 1 ^ 1 , . . . , irb-V't-i), 

n^Mcs) = « 7 (G 5) = (A^ c ~ A^ 1 * . ■ ■ , A^ 1 % 

and write S; for S;c where q's are understood. 

3.2. Lifts in characteristic zero. We now construct rank one Wach modules over 
following Dousmanis |Dou07[ §2] and check that these reduce modulo vjp to 
the (cp, r)-modules Mas over Ek,f- 

Let qi = q = (p{n)/-n,q n = (p n ^ 1 (q) G Z p [[tt]] and let A f = fT^o Qi+jf/P, A i = 

G Q[[tt]]. One then has that A/ G 1 + 7rQ p [[7r]] and A 7 G 1 + 7rZ p [[Tr]]. 
Suppose we want to construct a rank one Wach module N = A^. F e such that 

<p(e) = (Cq c °,q c \...,q c f-i)e, 
7(e) = (.9o(7r),---,ff/-iW)e 
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if 7 £ T, where C £ O f is any lift of C £ F x and each g^n) = g 7ll (7r) 6 Of[[7t]] 
depends on 7 £ T. Commutativity of the actions of ip and T amounts to the 
following identities: 

-Yiq^goW = ?>(ffiW), 
1 (qrg 1 (n)=q c ^(g 2 (7r)), 



70?) C/ ~ 2 .9/-2(V) = q c t- 3 <p(g f -!(%)), 
7(9) c/_1 S/-iW = <7 C/_ V(.9o(7r))- 

Thus, we are looking for a solution g^Tt) for each 7 of the equation 

co / \ <■■-. / \ C 2 / \ Cf 1 



It is straightforward to check that 

5 oW = A>(A 7 ) c V 2 (A 7 r ■ • • ^(A^'-i 

gives the unique solution which is = 1 modulo 7r, and that the remaining <7,-(7r)'s 
are uniquely determined by 

» w -(^)*"(w)*" v " 1 (^)" V - 1< "' W) ' 



9, - 2W= (^))' "(^))' ,?2(! '" W) ' 

Dousmanis |Dou071 §6] shows that N = Ai F e endowed with the actions of ip and 
r described above defines a Wach module over A^- F which we denote by Nq S . Fur- 
thermore, (N^^/ttN^^) (g) A + F is a filtered (^-module corresponding to a pos- 
itive character Gk — > F x with labeled Hodge- Tate weights (c/_i, Co, ci, . . . , c/_2). 
One checks the following by direct computation. 



Proposition 3.2. FFe Ziawe an isomorphism Mcs — ^cc®a + ^k,f of {<p,T) 
modules over ~Ek f- 



Combined with Lemma 3.8 of [BDJj . we obtain the following, where oj t denotes 
the fundamental character associated to r (i.e., u T : Ik — > F x is defined by compos- 
ing t with the homomorphism Ik — > k x obtained from local class field theory, with 
the convention that uniformizers correspond to geometric Frobenius elements). 

Corollary 3.3. If if) : Gk F x is the character defined by the action on V(Mcc), 
then tp\i K =Ur 



eS 0J T 
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4. Bases for the space of extensions 

We will assume p > 2 for the rest of the paper except in §6.3 and §7. We fix a 
topological generator 77 of the pro-cyclic group T — Tk, and set £ = f? p_1 , so that 
£ topologically generates T\. 

Given C £ F x and c — (co, . . . , c/_i) £ {0, 1, ... ,p — 1} S with some Ci < p — 1, 
we are going to parametrize the space of extension classes Ext 1 (Mo, Mcs) in the 
category of etale ((/?, r)-modules over Er,f- Here Mq denotes the etale (<p,F)- 
module ~Eik,f with the usual action of ip and T, so Mo = M x g corresponds to the 
trivial character Gk — > F x . Recall that Mcs, k v (Mcs) and k 7 (Mcs) were defined 
at the end of §3.1( since Mcs will be fixed in this section, we denote these simply 
Kip and 

We start by noticing that there is an F-linear isomorphism 
P:H/H a ->Exk\M ,Mcz), 

where H is the subgroup of E^jxjr — > f} consisting of elements (^i 7 ) 7e r) 
such that 7 (->• fij is continuous and satisfied 

(t) (K^-i)(fi 7 ) = (K 7 7-i)(^)V7er, 
(t) ^77' = K 77(^7') + M7 v 7> 7' e r, 

and H = {{nM b ) - & > ( K il(b) - b) ier )\ b € F((7r)) s } C 

We call elements of H cocyles and those of Hq coboundaries. The map /3 is 
defined as follows: given a cocycle /i = (/i 7 ) 7e r) £ i?, we define an extension 

M C s -> E -> M 

basis {e, e'} such that the action 93 and 7 £ T are given by the matrices P = 

(T ^1°) an< ^ = i^O ^l^j ' ^ * S s t ra i§htf° rwarc l to check that the matrices 
P and G 7 define an extension if and only if /1 £ H, that every extension arises 
this way, and that a change of basis for an extension E corresponds to adding an 
element of Hq to /x. If /1 £ H, then we write for the corresponding extension 
class 

By Corollarv l2.131 we get an isomorphism Ext 1 (Ms, Mcs) — H X (K, F(ip)) where 
ip ■ Gk — > F x is the character defined by the action on ~V(Mcs)- 

Lemma 4.1. Via Corollarv \2. 1SX Mq corresponds to the trivial character and M^^ 
to the mod p cyclotomic character. 

Proof. The assertion is clear for the trivial character. The mod p cyclotomic char- 
acter factors as Gk —J* Z x — >• F x t -» F x where the arrow in the middle is the 
reduction mod p. If T = Z p (l), its Wach module is given by N(Z P (1)) = A K e 
where (p(e) = and 7(e) — ^^fe if 7 £ T (cf. |Ber04bi Appendice A]). Work- 

ing modulo p and extending scalars to F we see that the etale (ip, r)-module over 
Ek,f corresponding to the mod p cyclotomic character is given by M = E^^e 
with (p(e) — 7r 1 ~ p e = (ir 1 ~ p , . . . , 7r 1_p )e. By a change of basis e' = ue with 
(ttP- 1 , . . . , 71-P- 1 ), we get M ~ M-^. □ 



^We will frequently use the following notation: for an element k and a ring endomorphism ip of 
E|f p , we denote by Ktp—1 the F-lincar endomorphism of E^- defined by (nip— l)(x) = Ktp(x) —x. 
We do the same for F((7r)) in place of Ejf p. Thus for example, if S, s £ Z, then (A 7 7 — l)(-7r s ) 
denotes A 7 (7r) E ■ 7(7r s ) — 7r s . 
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Since 



we have 



,. Tji ,i / , j ,r \ ! f + 1 if C = 1, and c = 0orc = p— 2 
dim F Ext(M g ,M c ,) = | J otherw . s ; 

We are about to define elements Bq, . . . , -B/_i G i? such that the associated 
extension classes form a basis for Ext (Mg, Mqs) except for the two cases where 
C = 1, c = or C = 1, c = p — 2, for which a separate treatment will be given in 
§6. Thanks to the isomorphism /3 we only need to define ^ and ^i 7 's satisfying the 
desired properties (f) and ($). According to whether the parameter Cj is equal to 
p — 1 or not the extension Bi is constructed in a slightly different manner. 

4.1. Construction of when < p — 1. Recall that we have fixed a topological 
generator r\ for T, and we let £ = ?y p_1 , a topological generator for Y\. 

Lemma 4.2. Suppose that S, s G Z, and u = u p (£ + s(j^ — 1)) < oo. T/ien 

(A^ - 1)(tt s ) G (x(vY - IX + ^ ^'y" 1 ) ^' + 7r s+2 ^F p [[7r^]], 

w/iere E + s(p' - 1)/ (p - 1) = . 

Proof. It is easy to see that in F p [[7r]]/7r p_1 , we have 

„/_\ ''o^ 1 Ti *>-i 



where x(v) — ^2j>o djP^ S Z* . Noting that, if s G Z, then 



^- 1 )^)=(^) SA ?-(^) S - 1 



and the result follows as 

^)-^-(^) a -i=^r^- 1)/( - 1) -i 

= x(r?) s A^" S ^-l 

= (XW S - 1)+XW S ((l + ^^V)** - l) 
= (XW -1) + St) ^ mod 7T p 

and 

X(.) S A? • (|^f - 1 - (<*(„)' - D + ^ )S( f ) - 1) ^) G ^Fp[[^]]. 

□ 

We note the following lemma, whose straightforward proof we omit: 
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Lemma 4.3. If n > 1, 7 € T n and x(l) = 1 + zp n modp n+1 , then A 7 = 1 + 
zirP"'- 1 + zttP" mod ir 2 P"- 2 . 

Lemma 4.4. Let x(Q = 1 + zp mod p 2 with < z < p — 1 and let E, s 6 Z. J/ 

u = u p (E + s(p^ — l)/(p— 1)) < 00, i/ien 

(Afe- e^z(^ s+(p_1)pt ' +^ s+p " +1 ) + 7r s+2p " (p ~ 1) F P [K"]], 

w/iere E + s(p^ - l)/(p - 1) = ^.> w SjP J . 
Proof. By Lemma 14.31 we have 



Af s = 1 + ^tt"- 1 + ztt p mod7r 2p - 2 . 

Noting that if s £ Z, then 



and the result follows as 



and 



A S ( £W \ _ 1 = A S+ s (p^l)/(p-l) _ j 

= (7r p " ) s " (7r p " +1 ) s "+ 1 1 

ee X t {n pV )' v - 1 mod 7r ( ^ 1)p " +1 

EE ^(TT^ -1 ^" + TT pV + 1 ) mod TT 2 ^- 1 ^" 

A? • ( -^4V - l-S^fTr^- 1 ^ +7T^ +1 ) e tt^-^FJ^I 



□ 



We now assume c, < p — 1 and construct an element Bi e _ff . (For the case 
Cj = p — 1, we will need to use a modified construction described in £14.21 ) 

Suppose for the moment that we have successfully defined Bi with n v (Bi) of the 
form (0, . . . , 0, Hi(n), 0, . . . , 0), Hi(n) being the ith component. For each 7 6 T, by 
the condition (f) there should exist [iy(Bi) = (G (7r), . . . ,Gf-i(n)) such that 

(k v <p - l)(jti 7 (B,-)) = (k 7 7 - 

i.e., 

(C7r^- 1 ) C0 Gi( 7 r f ') - G (7r),7r( p - 1 ) Cl G 2 (7r p ) - Gi(tt), . . . , ti^-^^Go^) - G/_i 
= (0,...,0,(A 7 : -7-l)(^W),0,...,0). 
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This is true if and only if 

(CttC*- 1 ^* - l)(Gi(7r)) = (A^ 7 - 

G i+1 (w) = 7r^- 1 ^G i+2 (^), 

G / _ 1 ( 7 r)=>- 1 )^- 1 Go(7r p ), 
G (7r) = G^^G^), 
G 1 ( 7 r)=7r^- 1 ) Cl G 2 ( 7 r J, ) ) 

G i _ 1 ( 7 r) = 7 r^- 1 ) Ci - 1 G i (7rf) ) 

where $(G(tt)) = G(ttP / ). Except for the case G = 1, c = 0, the map Ctt^ 1 ^ $-f 
defines a bijection F[[7r]] — > F[[7r]]. So the trick is to find Hi(w) so that we have 
(A?*7 — l)(Hj(7r)) G F[[7r]]. The corresponding Gi(n) and so /x 7 (.Bj)'s are auto- 
matically and uniquely determined by the bijectivity. Moreover since the bijection 
C' 7r (p- 1 ) s i<j)_l on the compact Hausdorff space F[[n]} is continuous, so is its inverse, 
and it follows that 7 1— > ^ 7 (-Bj) is continuous. 

To find such Hi(n), we observe via Lemma T4.2I thatR 

vaW(A^?7- f)( 7 r 1 - p ) = 2 -p and vaL r (A^ i rj - f )(tt s ) = s if 2 -p < s < -1. 
Then there exist unique e 2 -p, . . . , e_i G F p such that 

(\fn - f) (tt 1 ^ + e 2 ^ p n 2 -P + ... + e^ 1 ) G F[[tt]]. 

We set 

Hi{-K) = tt 1 ^ + hifr) = n 1 -? + e 2 - p Tr 2 ~P + ... + e-nr- 1 
and claim that 

(A^ 7 -l)(#i«)eF[[7r]] 

for all 7 G T. Note that by Corollary 14.31 we have A 7l = f mod 7r p_1 , so that 
(A 7l 7i — l)(7r s ) = mod 7r p_1 for all 1 — p < s < — 1 if 71 g Ti. Since any given 
7 G r can be written as 7 = r/" 1 71 where to £ N>o and 71 6 Ti, we have 

(A^ 7 -l)(^W)eF[[7r]] 

by the following. 

Lemma 4.5. Let S and i> 6e integers and H(tt) G F((7t)). for any 7,7' G T, if 
the valuations (in n) of (A 7 7 — l)(H(w)) and (Ay 7' — l)(iJ(7r)) are > v, so is that 

/(A^,77'-l)(^W)- 



2 Note that if Ci = p — 1, then Sj s -1 mod p and v > 1 in the notation of Lemma l4.2l which 
is why we need to modify the construction in that case. 
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Proof. If both X^j(H(tt)) - H(ir) and A^ 7 '( J ff(vr)) - H(ir) are in TrT^Tr]], then 

P— 1 V 

77 ( 7r ) \ p/ ~ 1 



□ 

So far we have defined /z v = fi v (Bi) and /i 7 = p, 7 (Bi) satisfying the condition 
(f ), and need to verify the condition (J). It is easily checked that if 7, 7' € T, both 
H-yY and /i'y = K 7 7(/iy) + /x 7 satisfy (f). Since when we fix p, v the solution of 
(f) for 77' is unique (by the bijectivity of the map C7r Si <I> — 1), we must have (X) 
HjY — K 77 (/i 7 ') + /Lt 7 . 

4.2. Construction of Bi when c, = p — 1. 

Proposition 4.6. If a = p — 1 and Cj+i 7^ p — 2, we have 

(Xfr, - 1) (tt 1 ^ 2 + h'/(n) + e(n^ + hfr) + h^))) G F[[tt]] 
/or some unique e G F x and some unique laurent polynomials h'/(Tt) = Es=i e s ,7rl ~ p 

*S W = E^ 2 e > 2 ~ 2p+s , = E^ 2 ^^ 1 ~ p+s e FMliH. 

Proof. By Lemma 14.21 we have, 

(A^ry - 1)(tt 1 - j>2 ) G F^ 1 ^ 2 ^ + tt^+^F^]] 

and 

{Xfr ] -l)(7r 1 - p2+sp ) G F x 7r 1 - p2+sp + ^F7r 1 - p2+ ( s+ ^ p + F[[ 7 r]] 
for 1 < s < p — 2. Thus there exist unique e", i/'eF such that 

(\fr) - 1) ^-p 2 + J^y-^+A 6 + F[[tt]]. 

Similarly, there exist unique e' s ,e s , v G -F such that 

(A^-l) ( / 7 r 2 - 2 P+^e' s 7r 2 - 2 P+ s +|]6^ 1 -P+^ G tV^ + F[[tt]]. 

V s=l s=l / 

Put h>>(n) = E^ 2 e> 2 - p2+sp ,MM = YZZ^y-^+'M*) = E^N* 1 "*"- 

The point then is to show that both is and 1/' are nonzero so that 

(Xfrj - 1) (V-p 2 + ^(tt)) + e (A^r? - 1) (tt 2 ^ + ^(tt) + G F[[tt]] 

where e = —is' /is G F — {0}. So let us prove nonvanishing of is' and is. Suppose 
is' = so that val 7r (A^ i 7? - 1) [t: 1 ^ 2 + h'^irfj > 0. By LcmmaH^l recalling £ = 

jjP- 1 , it follows that val 7r (A^^ - 1) (n 1 ^ 2 + h'/(ir)) > 0, However, by Lemmag^] 

we have vaL^A^rj — 1) ^7r 1_p + ft," (71") J = 1 —p. Thus 1/ cannot be zero. Similarly, 
we get is ^ 0. □ 
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Proposition 4.7. If c% = p — 1, and r G {0, ...,/— 1} is such that a+i = ■ ■ ■ = 
Ci+r = P — 2 and c;+ r +i ^ p — 2, we have 

(r+l r \ 

i=o i=o / 

/or some unique Laurent polynomials 

hf W = g e W^i^ +1 +^ (0 < j < r + 1), 

P-2 

= 7 r 1 +f J -V' +1 + £ e ^) 7r i+ P J -2y+ 1 +^ (o < j < r ) 
zn F[7r][l/7r] iwi/2 e[ r+1 \e^ ^ 0. 

Proof. By Lemma 14.21 (with i; = r + 1, s„ = Ci +r+ i + 2) we get 
and 

p— s — 1 

for 1 < s < p — 2, so that there exist unique ej , . . . , e y p _ 2 ' ,v { - r+L > G F such that 
(\fr) - 1) ^-p" +2 /j2 e s' +1) ^' pr+2+spr+1 ^ G ^ (r+1) 7r 1 -f r+1 + F[[tt]]. 

We set h[ r+v > = Z P s - 2 1 e<? +1 \i-e r+ *+°P r+1 . 
Again by Lemma [421 we get 

(\^r)-iy- 2pr+1+pr G F x 7r 1 -*' +l+2, ' r +7r 1 - 2 f r+1+3pr F[[ 7 rf r ]], 

and 

(A^7 ? -l)7r 1 - 2 P" +1 +( 1+s ^ G F x 7r 1 - 2 P J+1 +( 1+S ^+ P ^ F^ 1 - 2 ^ +1 +( 1 + s+t )P"+^ 1 -P" +1 F[K r 

t=i 

for 1 < s < p — 2, so that there exist unique e-f , . . . , e p _ 2 , v " r> G F such that 
(A^-l) ^2e'(r)^+p r -^ r+1 +^ g jAV-p^ 1 + 7 r 1 -f r+1 +f r F[[ 7 r pr ]], 

where we have set e =1. 

As in the proof of Proposition 14. 61 one can show that both j/( r+1 ' and v ^ are 
not zero, so that 

(Xfr, - 1) (V-p" +2 + /4 r+1) + eW/^W) G 7r 1 -p r+1 +p r F[[ 7r P r ]] 
where e M = -i/( r+1 )/i/( r ) ^ 0. Then again 

(A^r? - 1) (tt 1 -^^ 2 + + eMfc>> + G Ftt 1 ^ + F[[tt]] 
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for some — J2 P s =i £ < 's"* > 'k 1 ~ p + +sp . Iterating the process proves the proposition. 

□ 

When Cj = p — 1, Cj+i = • • • = Cj+ r = p — 2, Q +r+ i / p - 2 we define 
M«,(fl i ) = (0,...,0,ff < (7r),0,...,0) 

where 

= - 1 ~ p " 2 + E \ w oo + E 

is the ith component. By Proposition 14.71 we get (A^7 — l)(p v (Bi)) £ F[[ir}] and 
then /U 7 (J5j) is determined by bijectivity of the map C7r( p ~ 1)Ss $-l : F[[-7r]] -> F[[7r]]. 
The condition (t.) is checked in an analogous fashion as in §4.1. 

Remark 4.8. The cocycle Bi for the case Cj = p — 1, Cj+i = • • • = Ci +r = 
p — 2, Ci +r+ i 7^ p — 2 is cohomologous to a cocycle _B,- defined by 



p-2 p-2 \ 

s=0 s=l / 



^1)^3-3^^(1)^ + ^2-2^1-^1)^ e . +i 



\ s=0 s=l / 

+ ^ 2 -^E4 r+1) ^^ i+r+ i, 

where e^ " 1 = e Q ^ = ■ • • = e ^ = eo" +1 ^ = 1 and ^ 0. See Lemma \5. 71 for the 
proof in the case / = 2. 

4.3. Linear independence of i?i's. Throughout this subsection we assume C ^ 1 
if c = 0, so that C7r( p_1 ) Si <I> — 1 : F[[tt]] — > F[[n]] defines a valuation-preserving 
bijection for all i £ S. From the constructions in ij ij4.ll 14.21 we have at hand the 
extensions [Bo], . . . , [-B/— i] £ Ext 1 (Mo, Mc?) such that, if i £ S, 

H v {Bi) = (0,...,0,1^),...,0) 

has ith component 

Ht (n) = + £ tfV) + e (*). 

j=0 j=0 

where if Cj ^ p — 1, then we set r = — 1 and (it) = hi(n) was defined in i |4.11 
and if c, = p — 1, then r is the least non-negative integer such that Cj+f+i p — 2 
and Tip , and e'W were defined in 34.21 

To prove linear independence of [i?i]'s, suppose that (3qBq + ■ ■ ■ + /3j_iS/_i is a 
coboundary for some (3q, . . . , /3/-i £ F. We want to show that j3o = ■ ■ ■ = Pf-i = 0. 
By the cyclic nature of the indexing, it is enough to show that /3/-i = 0. Since 
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A)/tv(-Bo)H \-f}}-iH<p{B}-\) = (PoH {tt), ■ ■ ■ ,Pf-iHf-i(n)), by adding another 

coboundary, we see that 

(PMtt) + ^Cn^-^H^n") + ■■■ + p^Cn^ £'=o c ^ R s ^'^ ), 0, . . . ,0) 

= (C 7 r( p - 1 ) C0 6i(7r p ) - 6o(tt), Tr^" 1 ^^) - 6i(tt), . . . , ^ p -^ c f-'b (n p ) - 6/_i(tt)) 

for some (6o(7r), . . . , 6/_i(7r)) G F((7r)) s . It follows that 

PoH Q {n) + fcCirtP-^H^irP) + ■■■+ fif-iCir**- 1 ) £'=o c ^ Hf-^^ 1 ) 
=(C , 7r( p - 1 ) Eo $-l)(6 (7r)) 

and 

& 1 (7r)=7r( p - 1 ) Cl 6 2 ( 7 r p ), 
6 2 (tt) = Tr^-^fca^), 

6/-2W =7r( p - 1 ^- 2 6 / _i(7r J '), 
6/_i(tt) = ir ( - p -V c '- 1 b (ir p ). 

As the map 

C7r ( P -i)s 0$ _ 1 : Fff 7r]] — >• F[[7r]] is a bijection, we get a congruence 

/3o#o(7r) + p 1 Cw^-^ c °H 1 (-K p ) + ■ ■ • + /3 / _ 1 C7r (p - 1) ^ / =o c ^ 3 i7 / _ 1 (7r p/_1 ) 
=(C7r( p - 1 ) J3o $-l)(6(7r)) modF[[7r]] 

for some b(n) = b_ s it- s + T,jZ{b- s+j TT- s+j S Fl 1 / 71 "] with s > and fc_ s ^ 0. 
Suppose )3f-i 7^ and we will get contradictions. 

First assume c/_i = p — 1, c/ = • • • = c/_i +r = p — 2, c/ +r 7^ p — 2 with r > 0, 
in which case we have 

One checks that the lowest degree term (in n) of the LHS of the congruence is 

so that the valuation of the LHS is (p - l)(£j=o c,y — (1 + pH h p r+1 )p /_1 ). 

On the other hand, we have three possibilities for the RHS: (p — l)£o — sp* < — s, 
— s < (p — l)So — spf and (p — l)So — S P* = ~ s - 

If (p - l)So - sp f < -s, the leading term of the RHS is b_ s C7r( p - 1 ) E °7r- sp/ and 
we have s = (p — 1)(2 +p H +p r ) and = 6_ s . Now the term 

p f _ 1 Cn<*'- 1 ') £'=0 c iP , ' e W 7r ( 1 +P r - 2 P r+1 )p / " 1 

is alive on the LHS and must match a term on the RHS. Considering possible 
matching valuations on the RHS we get either 

/-2 

(p - 1) 2 + (1 +P r - 2p r+1 )p / - 1 = -t 
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or 

/-2 

(p-l)J2 c iP 3 + 0- +P r - 2p r+1 )p /_1 = (p - 1)S - tp f 

3=0 

for some < t < s = (p — 1)(2 + p + ■ ■ ■ + p r ). The former equation contradicts 
the inequality t < s and the latter implies that t = 2p r — p r_1 + p — 2. Since 
p-^ /\t + (p — 1)Soj there must be a term of degree — t on the LHS. However if 
m < r, then the leading term of 7r( p_1 )^j=o Cjp3 H m (n pm ) has degree > — t, and if 
m >r, then its terms cannot be congruent to —t mod p r , and we again arrive at a 
contradiction. 

If -s < (p-l)S -sp / , the leading term of the RHS is -b- s Tj- s . Then (p-l)\s 
and s(pf — l)/(p — 1) < So < pf — 1, so that s < 1, which is impossible. 

Lastly, if (p — 1)E — sp-^ = — s, working modulo powers of p, we get s = c = 
■ ■ ■ = Cf-i = p — 1, a contradiction. 

Now we may assume that fij = for all j G S such that Cj = p — 1 and 
cj + i = p — 2. Suppose now that c/_i = p — 1 and c 7^ p — 2. We then proceed to 
show that = by induction on m where m > 1 is such that c/_ m _i 7^ p — 1 

and c/_ m = c/_ m+ i = • • • c/_i = p — 1. We may thus assume that /3/_ m = • • • = 
/3/_2 = if m > 2. The argument used in the case r > then goes through with 
the following two changes: 1) the induction hypothesis is used to show that the 
term 

is alive on the LHS, and 2) the equality 
/-2 

(p - 1) 2 + ( 2 - 2 P)P /_1 = (P - !) S o - tp f 

3=0 

immediately gives a contradiction without considering more terms. 

Now we may assume that f3j = for all j G S such that Cj = p — 1, and suppose 
Cf-i < P — 1- The leading term of the LHS then is 

)8/_iC7r (p - 1)E '=o CJp, 7r (1 - p ) p/ " 1 . 

If (p-l)So-sp/ < -a, apt - (p-1)(So-E£ 2 CjV+p'- 1 ) = (p-l)(c f -i + l)p f -\ 
ans sop|(c/_i + l), which is impossible as < c/_i < p— 1. If (p— l)So _ sp^ > — s, 
then — s < (p— l)(X)j=o c jP J — 1~ P' contradicting that s(p^ ' — l)/(p— 1) < 

S <p / -1. 

This completes the proof that the [Bi] are linearly independent, hence form a 
basis for Ext 1 (M , M cs ) (unless C=l,c = 0orC=l,c = p - 2). 

5. The space of bounded extensions 

In this section we define bounded extensions, which we will later relate to exten- 
sions arising from crystalline representations. 

5.1. Bounded extensions. 

Definition 5.1. Suppose A, B G F x and < aj,6j < p with exactly one of at or 
bi is zero for each i G S. We say that an extension (class) E G Ext 1 (Mas, M B ^) 
is bounded if there exists a basis for E such that the defining matrices P and G 7 
satisfy the following: 
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(1) P = > b) * \ and = U-,{B 6) * \ . 

(2) P6M 2 (FH S ), 

(3) G 1 - I 2 G 7rM 2 (F[[7r]] s ) if 7 G IY 

Bounded extensions form a subspace, denoted by Ext bdd (-MAg, M B g), of the full 
space Ext (M^s, M fi g) of extensions. 

Remark 5.2. Note that the space Ext^ )dd (M J 4s, M B A depends on a and b and not 
just on the isomorphism classes of the (tp, r)-modules Mas and M g r. 

Lemma 5.3. The condition (3) can be replaced by a weaker condition (3 1 ) G^~l2 G 
7rM2(F[[7r]]" s ). (Recall that £ is a topological generator ofT\.) 

Proof. If 7, 7' G Ti, then 

G 77 , = G 77 G y = ( J ^ ) mod it 

by Corollary 14.31 So, if = I2 mod it, we have by induction that G^ = I 2 for 
all n > 1. Since (£) is dense in Ti, continuity of the action gives that G 7 — 72 G 
7rM 2 (F[[7r]] s ) for all 7 G IV □ 

We now describe a way to analyze extensions systematically and to check for 
boundedness. Given J C S and n G Z/(p^ — 1)Z we can always find <ii,&j for 
i £ J, j & S — J with 1 < a j , 6j < p such that 

n = ftj-p 3 — Oip 1 mod p^ — 1. 

The congruence has a unique solution if n ^ nj mod p* — 1, and has two solutions 
if n = nj mod p-^ — 1 where nj :— J2ieJ P %+1 — Si^j V 1 (cf. (BDJ1 §3]). To compute 
the solutions explicitly in the double solution case suppose n = nj mod p* — 1 and 
we have two solutions a^bj and a^b'j. Then E := J2j<?j(bj ~~ b'^p 3 — J2ie,j( a i ~ 
c^)p l = mod p f - 1. Note that |E| < p s - 1, as |a f - a'J, \bj - 6^| < p - 1, so 

that E = or ±(p^ — 1), and in the latter case we can exchange a, b and a' , b' if 
necessary in order to assume E = jr — 1. If E = 0, then reducing modulo powers of 
p shows that a = a' and 6 = 6'. If E = p* — 1, then we have solutions a, = 1, 6j = p 
and a- = p, 6^ = 1 (i e J, j £ S - J). 

Now fix J C 5, C G F x and c G {0, 1, ... ,p - l} 5 with some Cj < p — 1. If 
Eoc ^ nj mod p^ — 1, we can solve the congruence Eoc = Xli^j hp 1 — a iP l 
mod p^ — 1 with unique solution, and get an isomorphism 

Ext 1 (A%,M CT ) ~ Ext 1 (Mg, M c ~), 

where = — a, if i G J and (7, = 6j if j g 1 J. The isomorphism is (not canon- 
ical but) well-defined up to AutM^g = F x and the valuations of entries of the 
matrices defining the (ip, r)-module extensions are invariant, which suffices for our 
purposes. Tensoring Mas with the subobject and the quotient of the extension 
gives an isomorphism 

1 : Ext 1 (A7 g , M CS ) -»• Ext^M^, M g r) 
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where CA = B and a, = if i g J and = if i G J. Note that if J = 0, A = 1 
and Ci > for all i, then Mas = Afo, Af B j = Mcs = an< ^ 1 * s * ne identity. In 
general, we have a commutative diagram 

H/H — »• H'/Hq 

I I 
Ext 1 (M 5 ,M C? ) — »• Ext 1 (M^M^). 

The vertical arrows are /J's, and the bottom arrow, which we also denote t, is 
induced by 

(p v , (p~<)~ ( er) i-> (K v (A,a)(c)jfi v , {k 7 (A, a)(e}j/i 7 ) 7er ), 

where the isomorphism Ejf^e = Mcrg ~ = E#-.F e ' is defined by the change 
of basis e = (c)je' with (c)j € E^- F . It is straighforward to check the follow- 
ing formula for (c)j, which we will need in order to compute spaces of bounded 
extensions: 

(c)j = (tt^- 1 ^ ,...,^- 1 ^- 1 ), 

where (p? — l)e.; = Sj(c — d). 
We define 

Vj = i- 1 (Ebrti dd (M >i g J M B? )) c Exfc^Ma.Mca), 

so that dimp Vj = diniF Extb dd (M^a, Af B g). 

If Soc = nj mod — 1, we can assume that nj = Yl^gj bip 1 — ^2 ie jCHP l and 
nj + 1 — p* = Kp 1 ~~ Sie,/ a 'iP % where dj, 6j and a' it b'j are two solutions. Then 

we have a* = p, &j = 1 and a\ = l,b'- = p (for i e J and j G 5 — J). 

As in the case of a unique solution, we have isomorphisms (but now there are 
two) 

t+ : Ext 1 (M 3 ,M g) -»• Ext^AfAit, M B? ), 
t_ : Ext 1 (Mg, Mo?) -V Ext 1 (M A ~, ,M B g) 

and define 

y+ = ^(Ext^M^M^)) C Ext 1 (Mg, Mcs), 

VJ = C^Ext^M^.M^)) c Ext 1 (Mg, Mcs). 

Note that we always use + to denote the case where all = p, bj = 1, and — for 
the case where all = 1 and = p. 

In the next two subsections we will compute explicitly the spaces of bounded 
extensions in the generic case and in the case / = 2. 

5.2. Generic case. For each i G S, let d : E^.f = F((7r)) s — > F((tt)) denote the 
projection (50, • • • ,3/-i) ^ fft- 

Proposition 5.4. IfO<Ci < p — 1 /or aZZ i £ S, then 

(1) = F[S i+ i] /or aU i G S; 

(2) Vj = ® ie jV { i y ifJcS; 

(3) f+ = = Ext x (M g , M c ^) i/ C ^ 1, c = p^l 

Remark 5.5. Proposition 15.41 does not say anything about the cyclotomic case 
C = 1, c = p — 2, which will be treated in §6.1. 
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Proof. First consider the case J ^ 0. We may assume that / — 1 € J; even though 
we do not have complete symmetry due to the presence of the constant C, we will 
see that the argument goes through independently of which component C lies in. 

As < Ci < p — 1 for alH £ S we have < S c < (p — 2)^£j L . We claim that 
the congruence 

S c ee 2J - ^ a,p* mod - 1, 

has a unique solution cij, 6j (i £ J, j ^ J) such that 1 < cii,bj < p, except when 
J = S and c = p — 2. If there were another distinct solution, we have either 
Soc = E^j^' +1 " E ie j^' or S c = E^j^' +1 ~ E ie j^' +P J - 1. The former 
is impossible since modulo p we have cq = — 1 if £ J and Co = if j ' £ J, and thus 
co = j? — 1 or 0, contradicting the assumption. In the latter case, we have £ J and 
co = p — 2. Computations modulo p 2 show that 1 £ J and c\ = p — 2. By induction 
we get J = S and Cj = p — 2 for all i £ S. Thus, unless J = S, c = p — 2, we 
have unique aj,6j (j £ J, j J) satisfying the equation Ei=o Ci "P % = Ei^j — 
Ei6J a ^ i+ P /_1 - Letting u= (7r(P- 1 ) 5 /- 1J ,7r(P- 1 ) 5oJ ,...,7r(P- 1 ) <5 /- 2 '0 with 4/ = 1 
if z £ J and <$j j = otherwise, one checks that Er,fb = Mcs — ^cS = ^k,fb' via 
the change of basis e = ue' where di = bi if i g 1 J and = — a$ if i £ J, and that 
(c)j = u. Note that 

<P{(c)j) _ (n( p -^ pSoJ ,Tr( p -V pSlJ ,...,Tr ( i>- 1 > s f- 1J ) 
(c)j ~" (tt^ -1 ^- 1 - 7 , 7r(P _1 ) |5oj , . . . , ^(p -1 ) 5 /-:") 

_ r 7r (p-l)(p*oj-5/-ij) )7r (p-l)(p*u-<Soj) ! _ ^ 7r (p-l)05 / _u-5 / _2j)^ 

and that 

(p<5oj-<5/-ij)+p(p(5ij-(5oj)H hj/ _1 (p£/-ij- — <S/-2j) = (j/-l)<5/-u = j/-l. 

Recall that we have a basis [Bo], . . . , [B/-i] for Ext 1 (Mg, Mqe) such that 
li v {Bi) = (0, . . . , 0, ir 1 -? + hi(n), 0, . . . , 0), 
n(B i ) = (G<P,...,Gf_ 1 ), 

where /^(tt) £ Fir 2 ~ p H h F7r _1 and 

Gf (tt) = -<*( + <& (tt), 

G « 1 ( 7r) = 7r (P-l)c*- l( _ a . +5 . (7rP))) 

G^tt) = 7 r( p - 1 ^ C0+ClP+ - +c *- lpi " l3 (-Q;i + #(71**)), 
gJP^tt) = 7r (f-i)(^-i+^+ciP 2 +-+c i - 1 p i )(_ a . + ffi ( 7r P l+1 )) ; 

G2 1 W=>- 1 )( c ^+-+^-^ 2 )(-a 4+ffl (^ / " 1 )), 
with aj = sqz £ F x as in Lemma 14.41 
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To show that t[Bj+i] G Ext 1 (Mas, M B g) is bounded if i G J is straightforward: 
As (c)j = (nb-Wf-u^ip-WoJ,. . . )7r (p-i)«/-aj) and 8 U = 1, we have 

fj,tp(oB i+ i) = k v (A, a){c) jfi v (B i+1 ) 

= (0, . . . , 0, Trb-Dfe+x+D^i-P + (7r)); o, . . . , 0) G F[[^] s 

with the nonzero entry in the (i + l)-componcnt, and 

Ht(iB i+1 ) = K 4 (A,a){c)j^(B i+1 ) g 7rF[[7r]] s 

ase I+lM5 (^ +1 ) = xf-^^n^Gfl, and = A^" 1 ^ 1 ^-*)^ 

is divisible by ■K^P~ 1 ) c i+ 1 if j J i. 

Next we need to show that if E = J2jZo PjBj and [E] G Vj, then = for 
all i J. Suppose c[E] is bounded, i g J and /3 i+1 J 0. Then fj, 9 i(E + B) G F^tt]] 5 
and H£i(E + B) G 7rF[[7r]] s for some coboundary B, for which we have 

H V (B) = [C^-^b^p) - boi7T ( P -i)c lb2{7TP) _ bu ^( P -i )c/ _ l6o(7rP) „ 
^(S) = ((Af>*£ - l)&o«, (Af*£ - l)b x {-K) (X^~^ - l^/.rW). 

for some (&o(tt), • ■ • , ^/-i( 7r )) € E^j?. Note that K£ (A, a) = 1 = (1, . . . , 1) mod 7r 
and e i+ i{c)j = ir^~^ SiJ = 1. As val^-ei+i^ (J5 + B) = val„e i+ m£i(E + B) > 1 
while val n ei + ifi^(E) = 0, the valuation of e.; + i^(£?) = (A^ s+1 £ — l)6 i+ i(7r) has to 
be zero. Letting s — val 7r 6 i+ i(7r), Lemma F01 implies that (A^ ,+lC ^ — l)6,-+i(7r) G 
7rF[[7r]] if s > and val 7r (A^ ,+lC "c - l^+iM = s+ (p - l)p* if s < and £ m c + 
s(p^ — l)/(p— 1) is divisible by p 11 but not p u+1 . Thus vaLrfej+i(7r) must be negative 
and divisible by p — 1. Looking at the z-th component, we have 

e if i v (i(E + B)) = ^- x ^ M -^\eujL v {E) + e^{B)) 

= ^-m^J^-v + hi ( n ) + w (P-^b i+1 (n p ) - bi(n)), 

whose valuation has to be non-negative. Since (p — l)cj + pvaLr&i+^Tr) < 1 — p = 
val w (7r 1_p + hi(ir)), we get val w &i(7r) = (p — l)cj + p vaLri>i+i(7r). Cycling this 
through all j G S leads to val ff 6i+i(7r) = (p — l)£jC + p^val„-&i+i(7r), so that 
vaLr&i+i(7r) = — ^T_ 1 1 SiC> 1 — p, which is a contradiction. 

Now suppose J = S, C ^ 1, c = p — 2. In this case we have two solutions a = 
p , b = and a' = 1, b' = of the congruence and the corresponding isomorphisms 

l+ : Ext^Mg, M cf:i ) -> Ext 1 (M^, M sS ), 

t_ : Ext 1 (Mg, M c ^) Ext^M^M^). 

One shows that Vj = VJ = Ext (Mg, M c ^) by straightforward computations. 

If J = 0, the congruence equation has a unique solution unless c = 1, in which 
case we have two solutions a = 0, b = 1 and a' = 0,6'= p. The proof that = 
(when 1) and Vg + = VJ = (when c = 1) is similar to the case J J 0. □ 

5.3. Case / = 2. Throughout this subsection we assume that / = 2, < co,ci < 
p — 1, not both p — 1. If c = or p — 2, we further assume C ^ 1; the cases c = 
and c = p — 2 when C = 1 are dealt with in ^6.11 16.21 Before determining which 
extensions are bounded, we describe the basis elements in the form we will need. 
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Recall that we defined a basis {[-Bo], [Bi]} for Ext 1 (Afg, Mc&) where -Bo and B\ are 
cocycles of the following form: 



^(Bo) = (floW.O), 
H {B ) = {d® M,G< 0) (7r)) 

= ((C 7 r^- 1 ) So $-l)- 1 ((Af°e-l)ffoW) ! >- 1 ) Cl 4 Q) (^)), 
Mip(Bi) = (0, Hi(n)), 

^(Bi) = (g( 1) w,g«W) 

= (7r( J, - 1 ) Co GP(7r p ),(C 7 r (p - 1)Sl $-l)- 1 ((Af £ - l)iTi(Tr))), 



where 



7T 



1-p 



7T 



7T 



7T 



7T 



h 



e «ft (1) 



4 0) 



ft 



(2) 



(°)ftf > + fc<°> 

Wft'^ 



e (°)ft (0) 



£ (0)^(0) 



.(0) 



.(0) 



if c < p - 1, 

if Co = p - l,ci 7^p- 2, 

if Co = p- l,ci = p-2, 

if ci < p — 1, 

if ci = p - l,c 7^p- 2, 

if ci = p- l,c = p-2. 



Lemma 5.6. Suppose that i G {0, 1} zs swcft iftai < Cj < p — 1. Tften for some 
on G F x , 3i(7r) G 1 + 7rF[[7r]], we have 



Mv (B ) =( 7 r 1 -f + fto(7r),0), 

M? (B ) - (aoSotTr),^- 1 )^^)) 



M?(Bi) 



(CTrCP-^ai^iCTTfJ.aifl^Tr)) 



Proof. We assume i = 0; the case i = 1 is similar. As in Lemma 14.41 we have 

L (tt) := (Af°£ ~ 1)(^~ P + &oM) = mod 7rF[[7r]], 

so that e ^(B ) = (Ctt^" 1 ^ * - l) _1 (L (7r)) = o-o^oM for some g (n) ell 
7rF[[7r]] with cvq = (C — 1)~ 1 ~sqz if co = ci = 0, and ao = —sqz otherwise. (Recall 
that we assume for now that C ^ 1 if Co = ci = 0.) □ 

If Ci = p — 1, we introduce a cocycle B 2 ' cohomologous to Bi which we will work 
with. 

Lemma 5.7. Suppose that = {0, 1} with Ci = p — I and Cj < p — 2. Then 

there is a cocycle B\ such that [B^] = [Bi] and 

val 7r (e i // p (B-)) = vaW(e J ^(B J ')) = 2 - 2p, 
val 7r ei/i^(B,-)) > and vaL^e-j/ij (-B|)) = 1 — p. 

Proof. Again assume i = 0, the case i = 1 being similar. By the very construction 
of H {tt), we have L (tt) := (Af>£ - l)-ff (7r) € F[[tt]], so that ffo (7r) := e // e (-B ) = 
( C7r (p-i)E 0$ _ i)-i(L (7r)) g F[[tt]] and m«(B ) = (9 {^),^ (p ~ 1)ci 9o^ P ))- Now let 



EXTENSIONS OF RANK ONE (tp, T)-MODULES AND CRYSTALLINE REPRESENTATIONS29 



B' = Bo — B where B is a coboundary such that 

^(B) = (Cw^- 1 ^b 1 (nP)-b (n),^- 1 ^b (nP)-b 1 (7r)) 

^(5) = (o,(Afe-i)6iW), 

where b (w) = Q,&i(tt) = C' 1 (tt 2 - 2p + h { 1} ) with ^ := Y? s Zl e[ 1] tv 2 ~ 2p+s . Then 
^B' )=(e^hT ) +h °\c-\n 2 - 2p + h^)) 

p £ (B' ) = (g' (nU( p - 1)ci 9'o^ P ) ~ (\ft-l)bi(n)), 
so that B' has the required form. □ 

Lemma 5.8. Suppose that {i,j} = {0, 1} with Cj = p — 1 and Cj = p — 2. Then 
there is a cocycle B[ such that [B^] — [Bi] and 

\aL K (e i fi v (B' i )) > 2 - 2p, \aL ir (ejfj, <p (B' i )) = 3 - 3p, 
val K (eifx^(B' i )) = 1 — p and va\ 7r (ejfx^(B' i )) > 2 — 2p. 

Proof. This is similar to Lemma 15.71 but choose the coboundary B such that 

H V (B) = (C7r^- 1 ) Co & 1 (7r p )-&oW,7r (p - 1)ci &o(7r p )-& 1 (7r)) 

= (tt 1 -- 3 +eW/ l ' « +hf -C^Vi\-C-\e^) + /#))), 

IH(B) = ((Af Z - l)6o(7r), {\fi - 1)6! (tt)), 

by taking 6 (tt) = C" 1 ^, &i(tt) = C" 1 (eWfc^ +7$ 1) ) + 7 r&- 1 >&'- 2 )6 (7r*'), 

where h {2) := J^Zl ef ] -K 2 - 2p+s (with e 2) = 1), h' {1) := E^ 2 e' s (1 V" 3 ^ (with 
e'« = 1) and := ££j e^TT 2 " 2 ^ 8 . □ 

Proposition 5.9. If f = 2, then 

Vs = V^ = E^t 1 (M g ,M C s) 

with ± occuring when c = p — 2 . 

Proof. By straightforward calculations one can check that both t[i?o] and are 
bounded in each of the following cases to consider: 

• 0<Co, Cl <p-2, 1 <o ,Oi <p-l, (c) s = (7rf- 1 , 7 rf- 1 ); 

• c =p- 1,0 <ci <p- 2, a = 1,1 <ai <p-l, (c) s = (^ 1 ,tt 2 p- 2 ); 

• 0<co<p-2,ci=p-l, l<ao<p- 1,01 = 1, (c) s = (tt 2 ^ 2 ,^- 1 ); 

• p - 2 < co, ci < p - 1, p - 1 < a , ai < p, (c) s = (^ 2p ~ 2 , ^ 2p ~ 2 ); 

• c = ci = p - 2, a = oi - p, (?)s = (7r 2p - 2 , 7r 2 f- 2 ) (for V+); 

• c = ci = p- 2, a = ai = 1, - (ttP-Vp- 1 ) (for Vg"). 

□ 

Proposition 5.10. If f = 2, then 

y% = v± = o 

with ± occurring when c = 1. 

Proof. We have the following cases to consider: 

• 1 < c , ci < p - 1,1 < 6 , &i < p - 1, (6)0 = (1, 1); 
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• co = 0, 2 < ci < p - l,b = P, 1 < h < p - 2, <c} = (1, tt 1 "?); 

• 2 < co < p - 1, ci = 0,1 < b < p - 2, bi = p, (c} = (vr 1 ^, 1); 

• < co, ci < 1, p - 1 < b , 6i < p, (c} - (tt 1 -?, Tr 1 ^). 

If £ is a cocycle such that i[E] is bounded, then there is a coboundary i? associated 
to some (b (n), &i(tt)) G F^tt)) 5 such that (,(£ + £?) has ^ v G F[[7r]] s and ^ G 
7rF[[7r]] s . As k v {A,o) G (F x ) s and (c) = (^-p)^ ^0--vW) for some e 3 G {0,1}, 
we get ^{E + B) G F[[vr]] s and ^{E + B) G 7rF[[7r]] s . 

First consider the case < Co, c\ < p — 1 and E = Bo + fiB\ for some /3 G F x . 
As val 7r eo/z v (£') = 1 — p and val 7r ei/x v (i?) > 1 — p, we have val 7r (C7r^ p ~ 1 ^ c °6i(7r p ) — 
6 (tt)) = 1 -p and val^Tr^- 1 ^^) - &i(tt)) > 1 - p. If val 7r fe (7r) > 1 - p, 
then (p — l)co + pval 7r &i(7r) = 1 — p, which implies that p|(co + 1), contradicting 
Co < p — 1. If vahrfroM — 1 — -Pi then (p — l)ci + pvaLr&oM < 1 — P, which 
implies that val^i^) = (p — l)c\ + pval 7r £>o( 7r ) < 1 — P, which in turn implies 
(p — l)co + pval 7r 6i(7r) < 1 — p, so that val^^ 71 ") — (P — l) c o + pval,r&i(7r) = 
(p — 1)Sq + P val^feoMj yielding a contradiction. The proof that t[B{\ is not 
bounded is the same. 

Next suppose Co = p— 1 and < c\ < p— 2. First consider the case E — B' +f3Bi. 
As val 7r eifi^(E) = 1 — p, we have val Tr (A^ 1 ^ — l)&i(7r) = 1 — p, so that val^6i(7r) < 
2-2p. Thenval 7r 7r( p - 1 ) c °6 1 (7r p ) = (p - l)c +pval 7r &i (tt) < (l-p)(l+p) < 2-2p = 
vaL T eo^i ¥ ,(-E'), and so val 7r 6o(7r) = val T 7r( p_1 ) c °&i(7r p ) = (p— l)c +pvaL T &i(7r). Then 
again val 7r 7r( p_1 ) ci & (7i' p ) = (p - 1)^1 + p 2 val 7r 6i(7r) < 2 - 2p = val 7r eifi v (E), so 
that vaW6i(7r) = val^Tr^ 1 ^ 1 ^^) = (p - l)Si + p 2 val x 6i(7r), or vaLA(7r) = 
— p-i^i ^i > 2 — 2p, a contradiction. The proof that l[Bi] is not bounded is the 
same as in the case Co < p — 1 . 

If Co = p — 1, C\ = p — 2, the proof is similar to the preceding case, except that 
we start by noting that val 7r eo/i{(£') = 1— p ii E = B' Q + j3B\. 

The proof in the case that c\ = p — 1 is the same as the case cq = p — 1. □ 



Proposition 5.11. // / = 2, then 

( F[Bi] ifco=p-l, 
V {1} = < F[aiB -a Si] if < c <p- l,ci = 0, 

[ F[B ] 0<c <p-l,0<ci <P-1; 

V^ } =F[aiB -ao-Bi]; 
^ } = 0, 

wii/i ± occuring when c = 0. (See Lemma \5.6\ for the definition of the on.) 

Proof. Unless c = 0, c gives rise to unique a = (0, a\), b = (bo, 0) with 1 < ai, &o < P- 
If c = 0, we have a = (0,p), b = (1, 0) (for Vf) or a = (0, 1), 6 = (p, 0) (for Vj). 
We always have (c){i} = (tt p ^ 1 , 1) except when c = 0, feo = P, a o = 1, hi which case 
we have (c){i} = (l,n 1 ~ p ). 

(1) Assume Co = p— 1. It is straightforward to check that l[Bi + f3B] is bounded 
for some /3 G F x where B is a coboundary such that 



Hcp(B) = (Ctt^- 1 )^ 1 -^, -tt 1 ^) and ^(B) = (0, (A, s ^ - l)^ 1 ^)). 
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Suppose t[B' ] is bounded. There exists a coboundary B such that n v i(B' + B) G 
F[[tt]] s , (j, 6 i(B' +B)e 7rF[[7r]] 5 , and so 

fi v {B' Q ) + (Cir ( - p -V Co b 1 (n p ) - 6oW,^ (p - 1)ci 6o(7r p ) - &i(tt)) G ^ p F[[tt]] x Tr^^F^]], 
K{B' ) + ((Af° £ - l)6oW, (Af £ - 1)6i(tt)) G 7r 2 ^F[[7r]] x 7rF[[7r]] 

for some &o(i")> &i(i") € ^XC 71 "))- 

If ci < p — 2, we have vaL^A^ — l)&i(7r) = 1 — p as val^ei/x^-Bo) = 1 — p, so 
that vaW6i(7r) < 2 - 2p. Then 

val^- 1 ^^)) = (p- ljco+pva^fei (tt) < (1 -p)(l+p) < va]*eoM B o)> 

and so vaW&oM = (p — l) c o + pval7r6i(7r). Then again 

val^Tr^-^fto^) = (P - l)ci +pvaWfe (7r) = (p - l)Ei +p 2 vaL T &i( 7 r) 
< (l-p)(l+p) < (l-p)ai, 

so that val 7r 6 1 (7r) = (p — l)Ei + p 2 val 7r 6 1 (7r), or val 7r 6 1 (7r) = — ^Ett^i > 1 — p, a 
contradiction. 

If Ci = p — 2, start with val 7r (A^ ^ — 1)6 (tt) = 1 — P and the same argument as 
above (for the case Ci < p — 2) goes through. 

(2) Assume < co < p — l,ci = 0. Straightforward calculations show that 
/i^lBo, h v lBi G F^tt]] 5 but ^lBq(tt), ^lBi g 1 7rF[[7r]] s . If, however, we take 
a\B — a Bi, it has [i v obviously in F[[7r]] s and ^ = (A, a)(n p ~ 1 aoai (5o( 7r ) — 
C7rO'- 1 ) c o</i(7rP)),aoai(flo(7r p ) -fli(7r))) G ttF[[tt}} s . 

Now suppose is bounded, and so we have, for some coboundary B, that 

jiVC-Bi + -B) G F^tt]] 5 and + B) G 7rF[[7r]] s , which implies 

(7r p ) — &o( 7 r)> 7r ^ > 1 ^ Ci &o(tt p ) — ^lM) £ 71-1 P F[[-7r]] x it 1 - 1 p ' ai F[[7r]], 
^(Sr) + ((Af ^ - l)6oW, (Af£ - 1)6i(tt)) G 7r 2 - p F[[7r]] x 7rF[[7r]] 

for some 60(1"), bi(w) G F((7r)). 

Wehaveval 7r (A^ 1 C-l)fci(7r) = and so val^Tr) < 1-p, so that \al w n^-^ Co b 1 (n p ) = 
(p — l)co + pval 7r 6i(7r) < 1 — p. Then val 7r 6o( 7T ) = (p — l) c o + pval 7r 6i(7r) and 
vaW7r (p " 1)ci 6 (7r p ) = (p - l)Si + p 2 val 7r 6i(7r) < (1 - p)ai, so that val^i^) = 
Si + p 2 val 7r &i(7r), or val^i^) = — ^Ett^i > 1 — p, a contradiction. 

(3) Assume < Co < p — 1, < Ci < p — 1. It is straightforward to check that 
i[Bo] is bounded: 

(, v l(B ) - (A, ttC*- 1 ) 01 )^- 1 , l)^ + /io(tt)) g F[[^]] s , 
/^(B„) = ^(^^(Trf-S^laoflW^^-^ao^o^)) G 7rF[[7r]] s 
as ci > 0. 

Now suppose t[Bi) is bounded. Then there exists a coboundary B such that 
IMpiiBi +B)e F[[7r]] 5 , ^l{Bi +B)e 7rF[[7r]] s , and so 

H v {Bi +B) + (Cir ( *-V Co b 1 ('n p ) - b {-K)M p ~ 1)ci b {-K p ) - h (tt)) G t^F^]] x tt^-^F 

+ B) + ((Af £ - l)6o(7r), (Afe - 1)6i(tt)) G * 2 - p ?[M x ^[[tt]]. 
If ci < p — 1, then the argument is the same as in case (2). 



32 



SEUNGHWAN CHANG AND FRED DIAMOND 



Ifci = p— l,co < p— 2, then as val n eo ^(B[+B) > 2— pandvabreo/i^B^) = 1—p, 
we have val n eofj,^(B) = val 7r (A ? °£ — l)feo( 7r ) = 1 — p, so that val Tr 6o( 7r ) < 2 — 2p. 
Then 

va^TrC"- 1 ) 01 ^^) = (P- l)ci +pvaW6 (7r) 

< (1 - p)(l + p) < min(val 7r ei/x ¥ ,Bj , (1 - p)ai), 
so that val 7r 6i(7r) = (p — l)ci + pvaLr&oM- So 
val 7r 7r^- 1 ) co 6 1 (^) = (p- 1)E +p 2 vaW6oW < (1 -p)(l + p) < vakeoM 5 !). 

which implies val w &o( 7r ) = (p— l)So+p 2 val 7r 6 (7r), or val 7r fe ( 7r ) = — ^E-j-So > 1—p, 
a contradiction. 

If ci = p — 1, Co = p — 2, then as val 7r ei/i^(i?^ + B) > 1 and val 7r ei^(_Bj) = 1—p, 
we have vaLrei^(B) = val 7r (A^ 1 ^ — l)&i(7r) = 1 — p, so that val Tr 6i(7r) < 2 — 2p. 
Then 

vaL^" 1 ^!^) = (p- l)c +pval 7r 6i( 7 r) < (1 -p)(l+p) < vaUoAV^i, 

so that val^M = (p — l) c o + pval 7r &i(7r). So 

vaWTr^^V^) = (P- l)Si + p 2 vaL r & 1 M < (1 -p)(l +p) < val^/x^), 

which implies val w 6i(7r) = (p— l)Ei+p 2 val T 6i(7r), or val 7r 6i(7r) = — ^^-Si > 1—p, 
a contradiction. 

(4) Assume Co = Ci = 0, 6 = 1, Oi = p. Straightforward calculations show that 
Hip(-B (ir), h v lBi £ F^tt]] 5 but ^lB (-jt) , ^t-Bi ^ 7rF[[7r]] s . If, however, we take 
ai-Bo — «o-Bi, it has \x v obviously in F[[7r]] s and 

Hi = (irP^aoaxigoiir) - Cg 1 (Tr p )),a a 1 (g (ir p ) - gi (ir))) G 7rF[[7r]] 5 . 

Now suppose is bounded, and so we have, for some coboundary B, that 

H v b{Bi + B) £ F[[tt]] 5 and ^l(Bi + B) G 7rF[[7r]] 5 , which implies 

M B o) + (CV7r p ) - 6 (7t), 6 (tt p ) - 6i(tt)) G tt^FIM] x Tr^^F^]], 

^(Bo) + ((£ - l)6o(7r), (£ - 1)6i(tt)) G tt^F^]] x 7rF[[7r]] 

for some froM, &i(i") G F(( 7r ))- We have vaL,-(£ — l)&i(7r) = and so val 7r &i(7r) < 
1—p, so that val 7r fei(7r p ) = pval 7r 6i(7r) < 1 — p. Then val^oM = pval,r&i(7r) and 
val 7r &o( 7rP ) = P 2 val T &i(7r) < (1 — p)p < val 7r e ^ ¥ ,(i3i), giving val T &i(7r) = and a 
contradiction. 

(5) Assume Co = c\ = 0, foo = P, a i = 1- Suppose t[Bo + (1B{\ is bounded for 
some P £ F. There exist a coboundary B such that /^(Bo + /3Bi + B) e F[[7r]] s 
and H£i(B + f3Bi + B) £ 7rF[[7r]] s . As k v (A,o){S) £ (F x ) s , we have 

^(B + [3B 1 +B)= ^(B + /3Bi) + (Cb 1 (n p ) - 6 (tt), &o(^) - &i(tt)) G F[M] s , 

^(B + 0Bi + B) = ^(B + /3Bx) + ((£ - 1)6 W, K - W) e 7rF [[ 7r ]] S 

for some 6o(7r), &i(7t) G F((7r)). 
Note that 

val w e y ip (B + /3Bi) = 1 - p < val Tr ei/x v (B + /3Bi), 
va^eo^^Bo +/3B0 > 0, yal v e lf i 6 (B + £Bi) > 0. 

Then val„-eo/i</?(B) = val 7r (C&i(7r p ) — feoM) = 1 — P, and we get either val 7r 6o(7r) = 
1 — p < val 7r 6i(7r p ) or val 7r 6i(7r p ) = val^M < 1 — p. In either case, we have 
va\ 7T b (TT p ) < 1 — p, so val 7r &o(7r p ) = val 7r 6i(7r), giving a contradiction. 
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The same argument proves that i[B{\ is not bounded. 

□ 

Similarly one proves the following. 
Proposition 5.12. If f — 2, then 

r p[B ] if Cl = P -i, 

V {0} = I ¥[CaiBo - aoBi] if c = 0, < ci < p - 1, 

[ P[Bi] < c <p- 1,0 < ci <p- 1; 

V$ } =F[C7aiB -oo-Bi]; 

± occuring when c = 0. (5ee Lemma 15.61 for i/ie definition of the cti.) 

In proving Propositions 15.111 and 15.121 we have shown the following, which ex- 
hibits instances of coincidence of Vj's for distinct J's. 

Corollary 5.13. Suppose f = 2 and recaH (co, ci) ^ (p — l,p — 1). 

(1) If co =p- 1, then V {1} = V {0} = F[Bi], 

(2) If Cl =p- 1, then V {1} = V {0} = F[B ]. 

(3) If Cq — Cj = 0, i/ien VTjj and VVJJ, are distinct and one- dimensional, and 

(4) In aZZ other cases, V^iy and Viq\ are distinct and one-dimensional. 

6. Exceptional cases 
6.1. Cyclotomic character. Assume C = 1, c = p — 2, so that 

g) = (^(p-D(p- 2 ), . . . )7r (J>-i)(p-2)), 

Kl[C ^-\W{l)) '■•■'Ux(7) 

if 7 G r. Recall that Bi's for all i G S have already been constructed in §4.1 and 
we just need to construct an additional basis element which we will denote B tI 
(for tres ramifie). Before we do this for arbitrary / > 1, let's first consider the 
situation where / = 1 (i.e., K = Q p ) and F = F p as a foundation for the general 
construction. (We will go back to the general case / > 1 in the paragraph preceding 
Lemma 16.41 ) 

Lemma 6.1. Let r\ G T be such that r]Ti generates T/Ti ~ F* and let x(£) = 1+^P 
mod p 2 with < z < p — 1. // s € Z is divisible by p v but not by p v+1 for some 
v G Z, then 

X(VM7T S ) - n s G (x(r/) s+1 - 1)tt s + ^ xW a+1 (xW - 1) ^ +P » + ^+2^^ 

X(0£(O — 7T S G ^Z(^ S+(P - 1)?) " + 7T S+P " +1 ) + TT^^'^-^Fpt^]], 

w/iere s = J2j>v s jP 3 • 

Proof. Similar to Lemma 14.21 and 14.41 □ 
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Lemma 6.2. There exists h'(ir) G Tr 1 ^ + 7r 2 " 2p F[[7r]] such that 

(X(V)V - l)(/i'W) G F(7r-* - 7T- 1 ) + 7rP[[7r]]. 
(Recall that r\ is a topological generator ofT.) 

Proof. By Lemma [6.1[ there exist e2-2p> • • • > e — 1> e o G F (unique if we set e_ p = 
e_i = 0) such that 

{X(V)V - 1)(tt 1 - 2p + e 2 -2 P 7r 2 - 2p + ■ ■ • + c^tT 1 + e ) G Ftt^ + FtT 1 + 7rF[[7r]]. 
Set h'(%) = tt 1 -^ + e 2 ^ 2p TT 2 - 2p + ■■■ + e-iv- 1 + e , so 

(X(V)V - G a7r- p + Z^- 1 + 7rF[[7r]] 

for some a, /3 G F. Writing — 1) = f2i=o xl 7 ?)* 7 ? 4 ) (x( r l) r ) ~ 1) we nn d that 

(x(0£ - iX/l'M) G -(«7T~ P + + F[[7r]]. 

On the other hand a direct computation shows that 

where z G F x , so that a = (3 = — z and the lemma follows. □ 
Let h'{if) be as in the lemma. Since ip — 1 is bijective on 7rF[[7r]], it follows that 

for a unique g' G — z tt + 7rF[[7r]]. We now extend the definition to construct 
elements g'^ir) G 7r _1 F[[7r]] for all 7 <E T. We let 

n-l 

for n G N. If 7' G r 2 , then (xCtOV ~ IX^'M) * s m 7r F[[ 7r ]] an d can therefore be 
written as (cp — l)(g' ,(tt)) for a unique g!y/(n) G 7rF[[7r]]. If 77" G r 2 , then l)|n 
and the definitions coincide. Moreover, an arbitrary 7 G T can be written as 7' 77™ 
for some 7' G r 2 and n G N, and 

5 7 M :=ff7'W +7 / (fl , n"( 7r )) 
is independent of the choice of 7' and n. 

One then checks that /j = (/i'(7r), (-7r)) 7 'er) satisfies conditions (f) and (J), 
giving an extension 

-> M cyc -> £' -> M -> 
in the category of etale (ip, r)-modules over E^, where M cyc = E^ei is a rank one 
defined by ip(e[) = and 7(e^) = x(7) e i if 7 G T (and, of course, M = E^eo by 
ip(eo) = eo and 7(eo) = eo). Using the isomorphism M cyc ~ M p _ 2 = E# ei defined 
by e'j = 7r 2_p ei we get an extension 

-> Mp_2 -> E ->• Mo -> 

defined by the cocycle fj, = (tt^ 1 ^ h(n), (w 1 -" g 7 (7r)) 7eT ) with h(n) = n^ 1 h' (tt) , 
5 7 (tt) = 7rg 7 (7r). 

Now we go back to the context of arbitrary / > 1, and define /x v (S tr ) = 
(w 3 ( 1 -rih(-K),...,Tr 3 ( 1 -rth(w)) and /i 7 (B tr ) = (^^(tt), . . . , Tr 1 "^^)) for all 
7 G T. It is straightforward to check that Btr G H, so that [Bu] G Ext 1 (Mjj, M-^). 
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Remark 6.3. The class [Bt r ] is not canonical. Choosing e_ p = — e_i ^ in the 
proof of Lemma 6.2 gives different extension classes [Bt r ] differing by a multiple of 
[B ] + [B 1 ] + --- + [B f _ 1 ]. 

Lemma 6.4. The extensions [Bo], . . . , [Bf-i], [B tr ] € Ext (Mg, M-^) are linearly 
independent, and therefore form a basis. 

Proof. It suffices to show that [Btr] is not contained in the span of [Bj]'s. Suppose 
Btr - A)Bo + • • ■ + £/-iB/-i for some fi t G F. Then £ := B tr - (/3 B + •• • + 
/3f—iBf-i) is a coboundary, so that 

/^(B) = (^'^P-^hinP) - b (n), . . .^b-W-Qboii?) - 6/_i(7r)) 

for some 6j(7r) G F((7r)). As 

^( J B tr ) = (7r 1 -^(7r),...,7r 1 -^( 7 r)) 

where h^g^ir) G F[[tt]] x , we have val 7r e i /x ¥ ,(£) = vaL^Tr^- 1 )^- 2 )^!^) - 
bi(n)) = 3(f — p) for all i £ S. For each i G S, letting s, := val 7r (6j(7r)), we have 
Si < 3(1 — p) or (p — l)(p — 2) + Si+ip = 3(1 —p). The latter is impossible looking 
at divisibility by p, and so Si < 3(1 — p) for all i G S, which yields a contradiction 
after cycling. □ 

The determination of which linear combinations of [Bo], [Bi], . . . , [B/_i] are 
bounded is exactly as in the generic case. We now extend this to include [B tr ]. 

Proposition 6.5. Suppose that C = 1. c = p — 2 and iei A G F x be given. 

(1) If J = S, then 

t[B tI ] eExtl dd (M Aif ,M A5 ), 

so that y/ = Ext 1 (M&M^). 

(2) Vf = ©, 6 sF[Bj], and ifJ^S, then Vj = ® ieJ F[B i+1 }. 

Proof. (1) Straightforward: as a = p and (c)s = (7r 2 ( p_1 ', . . . jTr 2 ^ 1 )), we have 
M^B tr ) = (Air^'h(ir),ir^ a h(n), . . .,ir^'h(ir)) G F[[^]] 5 , 
M(iB tI ) = (\f~ 2)E ^,. . . , X^^Kn^g^n), n^g^)) G 7rF[[7r]] s . 

(2) Let E := /3 B -\ h/3/-iB/_i+B tr for some /3 , • ■ -,Pf-i G F. We must show 

that in all other cases where L : Ext 1 (M Q *, M-^) — ► Ext (M^g, M^j) was defined, 
we have that (.[£] is not bounded. 

So suppose that i[B] is bounded. Then there exists a coboundary B defined by 
(6 (tt), . . . ,6/_i(7r)) such that /^(i(B + B)) G F[[tt]] s and ^(l{E + B)) G 7rF[[7r]] 5 . 
We have Ci{c)j — 1 or 7r p_1 and val^ei/if (iB) < 0. It follows that val T ei/ij(B) = 
val w ei/i^(B) = 1 — p, so by Lemma 14.41 we must have Sj := val 7r (6i(7r)) < 2(1 — p). 
Then val 7r (7r(P- 1 ) c '6 l (7rP)) = (p - l)(p - 2) + s*p < (1 - p)(p + 2), so that Si-i = 
(p — l)(p — 2) + Sip. Cycling this through indices leads to a contradiction. 

□ 
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6.2. Trivial character. In this subsection, we assume that C = l,c = 0, so that 
% (C,c) = K7 (C,c) = (l,...,l)eF((7r)) s . 

Using Lemma 14.21 we can find unique e%— p , . . . , e_x G F such that 

( V - IXtt 1 -" + e 2 _ p7 r 2 -f + • • ■ + e^iTr- 1 ) G F[[tt]]. 

Set H(7r) = 7T 1-P + e 2 - p TT 2 ~' p H h e_i7r _1 . By Lemma l4~4l we get 

(£-l)(tf(7r)) gF x +7rF[[7r]], 

which implies, via Lemma l4.6[ that 

(»y - l)(ff(7r)) G z/ + 7rF[[7r]] 

for some v e F - {0}. Likewise we have 

fa-lXtf^ey + TTFRTT]], 

so that 

(77 - 1)(-H(ir p ) + H{tt)) G 7rF[[7r]]. 

Note that if 7' G T 2 , then (7' - 1)(H(tt)) G 7tF[[7t]], and it follows that (7' - 
1){-H(ir p )+H{ir)) G ttF[[it}]. Now for each 7 G T, writing 7 = rfi where 7' G T 2 , 
we get by Lemma |4~51 that 

(7 - 1)(-H{n p ) + H(n)) G 7rF[[vr]]. 

As the map g(n) H> g(n p ) — <?(7r) defines a bijection 7rF[[7r]] — > 7rF[[7r]], for each 
7 G r there exists a unique <? 7 (7r) G 7rF[[7r]] such that 

^(7/) - <? 7 (tt) = (7 - 1)(-H(nn + H(n)), 

or equivalcntly, 

{<p - l)( 57 (7T), ff7 (7r^ 1 ), . . . ,.g 7 (^)) = (7 - 1)(-H(tt*) + H(*),0, ... ,0). 
If we set 

f-l 

A* 7 (S ) = (g 1 {n),g 1 (ir p ), ■ • . ,g 7 (7r p )), 

/i(-Bo) = {^(p(Bo), (/x 7 (So)) 7 er) satisfies the condition (f) by the considerations 
above. We note that /x 7 (-Bo) are uniquely determined so that they satisfy (f). 
As both /x 77 /(I?o) and p! , := j(/j,j>(Bo)) + /j, 7 (Bq) satisfy (f) for 77', they must 
coincide, so that (J) is satisfied. 

For each 1 < i < f — 1, we construct [Bj] G Ext Mg) in a similar way, i.e., 
by setting 

V V {B % ) = (0, . . . , 0, -tf(7T P ) + H(7T), 0, . . . , 0), 
H 7 {B t ) = (g 7 (7T p * ),..., 57 (7r p ), 57 (7r), ff7 (7r p/ 1 ),..., g 7 {Tr p * +1 )). 
Remark 6.6. For each < i < f — 1, consider the coboundary B" by 
^{B'D = (0, . . . , 0, (tt p ), -jl (tt), 0, . . . , 0), 
/i 7 (^' ) = (0, . . . , 0, 0, (7 - (tt)), 0, . . . , 0), 

where -ff (71") is the z-th component and —H(ir) the (t + l)-th component of /_t v (_B,-') 
and (7 - !)(#(») is the (i + l)-th component of ft~,(B?). Define = B t + for 
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each < % < f - 1. Then F[Bi] = F[B<] in Ext 1 (Mg,A%) for all < i < / - 1, 
where we have 

fi ip (B^ = (0,...,0,H(w),-H(w),0,...,0), 

^{B[) = ( ff7 (^), . . . ,5 7 (^),5 7 W,5 7 (^ / " 1 ) + (7 - l)tf(7r), 57 (^ 2 ), . . 
Next, we define B nl (for non-ramifie) by setting 

M^nr) = (1,0,..., 0), 

/x 7 (£? nr ) = (0,0,..., 0) 

for all 7 e T. It is straightforward to check that this defines an extension [B DI ] G 
Ext x (Mg, Mg). We can "move" the 1 in ^ v to any component, i.e., taking any of 
(1,0,..., 0), (0, 1, 0, . . . , 0), . . . , (0, . . . , 0, 1) to be \x v defines the same cocycle class 
(up to coboundaries). 

^ f — 1 

Set B cyc = X)i=o Then we have 

M-Bcyc) =(0,...,0), 

M 7 (#cyc) = (5 7 (7r),...,^(7r)) 

for some gl f G F[[7r]]. Since (<p — l)<7 7 (7r) = 0, we must have in fact g^n) = g^ G F. 
In particular g' n — v. Moreover 7^5^ defines a homomorphism r — > F. Thus if 
7 = 77™^ modulo T2, then 

Hy{B cyc ) = im 7 (l, . . . , 1). 

Lemma 6.7. T/ie extensions [B nr ], [Bq], . . . , [-B/-1] G Ext 1 (Mg, Mg) are linearly 
independent, and therefore form a basis. 

Proof. Suppose that £7 = /3£> nr +/3 £>oH h/3/-i-B/-i is a coboundary. By adding 

some coboundary B we have 

eoM^ + B)=(3 + [3 (-H(ir p ) + H(ir)) + f3 1 (-H(ir p2 ) + H(n p ))) + ■■■ 

+ pf^-Hfr''- 1 ) + H(Tr pf - 2 )) + (Sf^-HiW) + H^- 1 )) 
= [3 + (3 H(n) + (0! - P )H(nP) + ■■■ 

= (<I> - 

j>s 

for some J2j> s e ^'(( 7r ))- Equating constant terms gives = 0. If 7^ 0, 
then s = 1 - p, Aj-HXtt) = -(6 1 _ p 7r 1 - J ' + • • • + b^- 1 ) and /3 = A = • • • = 

^ f — 1 

It follows that E — (3f-i J2i=o is cohomologous to (3f-\B cyc , and therefore that 
B cyc is coboundary. Thus there exists (&o(7r), • ■ • , bf-i(n)) G F((7r))' s such that 

( V -l)(6oW,---,6/-iW) = (0,...,0) ) 
K-l)(6o(7r),...,6 / _i(7r)) = -i/(l,...,l), 

which is impossible as the former implies &o(tt) = ••• = bf-i(ir) G F, so that 
K - l)(6o(7r), • • • , = 0. Thus, /?/_! = 0. 

IfO < i < /-2 is the largest suchthatft ^ 0, then val x (e ^(£ : +S)) = p l+1 (l- 
p), which leads to an easy contradiction. Thus, [3i = for all < i < / — 2. □ 
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We now assume / = 2 and compute the spaces of bounded extensions. We then 
have the following cases to consider: 

• J = S, ao = a\ = p — 1; 

• J = {1}, b = 1, oi = p (for VJ-); 

• J={1}, b =p, oi = l (for 77); 
. J= {0}, oo=J», 6i = l (for 

• J= {0}, a = 1, foi =p (for Vj); 

• J = 0, 6 = h =p- 1. 

Proposition 6.8. Suppose that f — 2, C — 1, c = and AeF x . 

(1) V5 = Ext 1 (Mg, Mg); 

(2) V { + = ([S nr ], [Bi]) fori = 0,1; 

(3) ^ { T } = <[5 nr ]} /or i = 0, 1; 

(4) ^0 - {0}. 

Proof. (1) We have (c)s — (tt p > 7r p_1 ) and it is strightforward to check that i[Bo], 
l[Bi] and b[B nr ] are bounded. 

(2) Suppose J = {1}. Then 6 = 1, a\ — p and (c){i} = (7r p_1 ,l) and it is 
straightforward to check that c[Bi] and (.[-B n r] are bounded. Therefore it suffices to 
prove that i[£? C yc] is not bounded. So suppose that B is a coboundary such that 
L{B cyc + B) has p v G F[[7r]] s and ^ € ^[[tt]] 5 . Then 

M^cyc + S) = p v {B) = (hiiT?) - 6 (tt), 6o(ttP) - 6 1 ( 7 r)) 

for some 6 (tt) , 6 X (tt) G F((tt)), and (AttP- 1 , 7 r^ 1 ))/i (p (B) G F[[tt]] s . Letting 
Uo = val 7r (6o("')) and «i = val 7r (6i(7r)), we see that vo > 1— p and t>i > 0. Therefore 

^(B cyc + B) = {-v + (£ - l)6 (7r), + (tt)), 

and since — f + (£ — 1)61(71") has constant term —u, we arrive at a contradiction. 
The case J = {0} is the same. 

(3) Suppose again that J = {1}. Now we have 60 = p, a\ = 1 and (5)m = 
(ljTr 1 "^) and it is clear that i[B nr ] is bounded. Therefore it suffices to prove that 
if E = floBo + fi\B\ with /3o,/3i is such that l[E) is bounded, then /3q = /?i = 0. 
The argument in the proof of Lemma 16.71 shows that /3o = /3i, so we are reduced to 
proving that i[£? cyc ] is not bounded. The proof of this similar to part (2). 

The case J = {0} is the same. 

(4) Now we have (c) = (tt 1 ^, tt 1 ' p ), and if t[E] is bounded then fi v (E + B) G 
7r p_1 F[[7r]] s for some coboundary B. The proof of Lemma [6.71 then shows that 
E is cohomologous to a multiple of B cyc , and the boundedness of t[fl cyc ] yields a 
contradiction as above. □ 

6.3. p — 2. We assume p = 2 throughout this section. Now L is not pro-cyclic; we 
write T = A x T2 where A = (rj) with %(??) = —1, so A has order 2, and we choose 
a topological generator £ of T2. 

Lemma 6.9. We have X v = 1 + tt mod 7/7 G Fa, then Xy = 1 mod 

Proof. The first assertion follows from the fact that 

Af- 1 = 7 7 W/7r = (l + 7 r)- 1 . 
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For the second assertion, note that if 7 £ T2, then x{l) = 1 mod 4, so 7(71-)/^ = 
1 mod 7r 3 F[[7r]]. □ 

Let C £ F x and c — (co, . . . , c/_i) £ {0, 1} with some Cj = be given. First 
assume that C ^ 1 if c = 0, so that Cir^i^ — 1 : F[[7r]] — >• F[[7r]] defines a valuation- 
preserving bijection for all j £ S 1 . As in the case p > 2, we will define for each i € S 
an element H^tt) £ F((7r)) such that 

(^ 7 -W)e%]] 

for all 7 £ r. If Cj = 0, we let Hi(n) = tt^ 1 ; otherwise we use the following lemma: 

Lemma 6.10. Suppose that Ci — 1, and r £ 0, ...,/ — 1 is suc/i £/ia£ Cj+i = • • • = 
Ci +r = and Ci+ r +i = 1. Let 

H t (7T)=n 1 - 2r+2 +7T 1+2r - 2r+2 . 
Then (A^ ? 7 - 1)H z (tt) £ F[[tt]] for all 7 £ T. 
Proof. Note that we can assume / > 2. We have 

Note that £j = 1 if r = / — 1 and £j = 1 + 2 r+1 mod 2 r+2 otherwise. In either case 
we have E 4 + (2^ - 1)(1 - 2 r + 2 ) = 2 r+1 mod 2 r + 2 . It follows that 

(A^ 7 - IX- 1 - 2 " 2 ) = (Af +1 - I)- 1 " 2 " 2 ^d F[[7r]]. 
Similarly we find that 

(A* 7 " l)(- 1+2 "- 2 " +2 ) = (X 2 ; - l)- 1+2 "- 2r+2 mod F[[tt]]. 

Lemma [6T9l gives X 2 " = 1 + ir 2S mod ir 2 ~ +> for s > 0, and it follows that 

(Af +1 - l)^ 1 - 2 '^ 2 EE (Af - l)7T 1+2r - 2 " +2 EE ^l+2" +1 -2"+ 2 mod p [[7r]]< 



Therefore the lemma holds for 7 = 77. We also get that A 2 ee 1 mod 7r 3 ' 2 for 
7 £ T 2 , from which it follows that (A 2 '' +1 - l)^ 1 ' 2 '^ 2 and (A 2 '' - l)ir 1+2 '' ~ T ' +2 
are in F[[7r]]. The lemma therefore holds for 7 £ T2 as well, and we deduce from 
Lemma 1431 that it holds for all 7 £ T. □ 

By the bijectivity of Ctt^° c & — 1, for each 7 £ T we have a unique Gi(ir) = 
Gj, 7 (7r) £ F[[tt]] such that (C7r s °% - l)(Gj(7r)) = (A^ c ~7- l)( J ff i ( 7 r)). Then letting 

^(Bi) = (0,...,0,^(7r),0,...,0), 
M 7 (Bi) - (Go W, • ■ • , G t (n), . . . , G/_i(7r)), 
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where 

Go(tt) = ^ C0+2ci +-+ 2 " lc *- 1 G J (^), 
Gifr) = 7 r cl+2c2 +- +2i " 2ci - 1 G i ( 7 r 2i " 1 ), 

Gi_l(7T) = TT^^G^TT 2 ), 

G 1+ i(tt) = G^+ 1+2c '+ 2 - +2/_2c - 1 G 4 (^ 2/_1 ), 

G/_l(7T) = G7T C '- 1+2C0 + - +2ici - 1 G i (7T 2i+1 ), 

gives rise to an extension [-Bj] S Ext 1 (Mjj, Mpj). By almost identical arguments 
to the case p > 2, one finds that [Bo], . . . , are linearly independent, so that 

they form a basis. 

Now suppose G = 1 and c = 0. We can define, similarly to the p > 2 case, 
[B ],---,[B/-2],[B/-i] such that 

H V (B ) = (ir- 2 +7r-\0,...,0), 

= (Ctt^+tt" 1 ^....^), 

^(Bf-i) = {0,...,0,n- 2 +n- 1 ). 

As before each -Bj is cohomologous to -B^ with 

H v (Bi) = (0,...,0,7r- 1 ,7r- 1 ,0,...,0), 

the non-zero entries being in the i,« + 1 coordinates (unless / = 1, in which case 
/j, v (B ) = 0). We again set B cyc = J2i=o B'ii an d define a cocycle B nr by setting 

M^nr) = (1,0,..., 0), 

M 7 (B„ r )-(0,0,...,0) 

for all 7 £ T. 

The difference now is that if p = 2, then dimp Ext 1 (Mg, Mg) = / + 2, so we need 
one more basis element. We define B tI by 

M^nr) = (0,0,..., 0), 

Ai 7 (B nr ) = n 7 (l, 1, . . . , 1) 

where n 7 = if 7 G T3 U r/T^, and n~ f = 1 otherwise (so 7 n- n 7 defines a 
homomorphism r — > F). One checks as in the case p > 2 that the elements 
[-Bnr], [-Bo], [B\], . . . , [-B/_i], [-B tr ] are linearly independent, hence form a basis for 
Ext 1 (M 3 ,M 3 ). 

Finally we assume / = 2 and compute the spaces of bounded extensions. There 
are three possibilites to consider: 

(1) c= (0,1) or (1,0); 

(2) c= (0,0) and G ^ 1; 

(3) c= (0,0) and G = 1. 

We omit the proofs of the following which are essentially the same as for p > 2: 
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Proposition 6.11. Ifc = (0,1) or (1,0), then 

. V s = Ext 1 (M 5 ,M CS ); 

• ifc = (0, 1), then V {0} = V {1} = F[B ]; 
. ifc = (1,0), then V {0} = V {1} = F[Bj] ; 

• V $ = 0. 

Proposition 6.12. 7/c = (0,0) and C G F x m£/i C^l, f/ien 

• ^ + = KT=Ext 1 (M -,M C0 -); 
. V+ } =F[B + B l ]; 

. V+ } =P[CB + Si]; 

' V {i}= V {o}=K = Vf = °- 

Proposition 6.13. If c = (0,0) and C = 1, i/ien 

. V+ } = F[B nI ]®F[B i ] fori = 0,1/ 
. ^ { T } = F[S nr ] /or i = 0, 1; 

• ^ + = V = °- 

Remark 6.14. With a view towards relating bounded extensions to crystalline 
ones, we would have liked Vg = F[B nr ]®F[B Q ]®F[Bi] in the trivial case. This could 
have been achieved with a more restrictive definition of boundedness, requiring for 
example that /i 7 G ir 2 F{{ir)] s for 7 6 L2 if p = 2. However we opted instead for the 
definition we found most uniform and easiest to work with. 



7. Crystalline =>• bounded 

The paper [BDJj formulates conjectures concerning weights of mod p Hilbert 
modular forms in terms of the associated local Galois representations Gk — > GL/2(F). 

(Vi * \ 

q J, the set 

of weights is determined by the associated class in H 1 (Gk, Ftox^ 1 )), or more 
precisely whether the class lies in certain distinguished subspaces. These subspaces 
are defined in terms of reductions of crystalline extensions of crystalline characters. 
Our aim is to relate these to the spaces of bounded extensions we computed in the 
preceding sections. The idea is to show that Wach modules over F associated to 
crystalline extensions have bounded reductions. This is easily seen to be true when 
the Wach module itself is the extension of two Wach modules; the problem is that 
this is not always the case. Recall that Theorem 12.171 establishes an equivalence 
of categories between crystalline representations and Wach modules over BX. We 
note however that N does not define an exact functor from G#--stable lattices to 
A^-modules. 

Example 7.1. Let K = Q p and V = Q p (l — p) © Q p . The corresponding Wach 
module is N(V) = B^ei © with 

• <p(ei) = q p ~ l e± and j(ei) = (j(ir)/x(j)Tr) p ~ 1 ei for 7 G L; 

• ip and r acting trivially on e^. 

Let /1 = p _1 (ei — 7r p_1 e2) and consider the Aq^-lattice N = Aq /1 © Aq e2 in 
N(V). Then it is straightforward to check that N is a Wach module over Aq , 
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hence corresponds to a Gq p -stable lattice T in V. Such a lattice necessarily fits 
into an exact sequence 

->• Z p (l - p) T -> Z p -> 

of Zp-representations of Gq p , but there is no surjective morphism a : N ^ Aq . 
Indeed the image would have to be generated over Aq^ by elements a(/i) and 
a(e 2 ) satisfying pa(fi) = —n p ^ 1 a(e 2 ), and hence could not be free over Aq . 
This example is somewhat special since V is split and T can also be written as an 
extension 

Z p -> T -» Z p (l - p) 0, 
which does correspond to an extension of Wach modules. However it illustrates 
the problem, which we shall see also occurs for lattices in non-split extensions of 
Qp-representations . 

We will prove under certain hypotheses that the relevant extensions of Zp- 
representations do in fact correspond to extensions of Wach modules. In particular 
we will show this holds in the generic case, and in all but a few special cases when 
/ = 2. As a result, we will be able to give a complete description of the distin- 
guished subspaces in [BDJj in terms of (<p, r)-modules in the generic case and the 
case / = 2. 

7.1. The extension lemma. We first establish a general criterion for a Wach 
module over A^ F to arise from an extension of two Wach modules. We consider 
extensions of crystalline representations of arbitrary dimension since it is no more 
difficult than the case of one-dimensional representations. 
Suppose that we have an exact sequence 

of crystalline Qp-representations of Gk with Hodge- Tate weights in [0, b] for some 
b > 0. We shall identify V\ with a subrepresentation of V. By Theorem 12.171 we 
have an exact sequence of corresponding Wach modules over B^ : 

-> Mi -4 M -> M 2 -> 

where M = N(V), Mi = N(Vi) = N(V) n D(Vi.) and M 2 is the image of N(V) in 
D(V2). Now suppose that T is a G^-stable lattice in V. Letting T\ — T n V\ and 
T 2 = T/Ti, we have an exact sequence 

of Zp-representations of G K . Letting iV = N(T) = M flD(T) be the Wach module 
in M = N(V) corresponding to T, we see that N x := N n Mi = N(T X ) since 

iVRMi = N(T)nD(Vi) = D(T)nN(V)nD(Vi) = D(T)nN(Fi) = D(Ti)nN(Fi). 

The quotient N 2 := N/Ni is a finitely generated torsion- free A^-module with an 
action of 93 and T such that q h N 2 C <p*(N 2 ) and T acts trivially on N 2 /irN 2 . (Note 
that N 2 is torsion- free since N/Ni <-^> M 2 , but N 2 is not necessarily free as we 
will see below.) Furthermore N(T) — > N(T 2 ) induces an injective homomorphism 
A^2 — > N(T 2 ) which becomes an isomorphism on tensoring with Bj-. 

Letting = A^/pA^, N = A^/p7V and iV, = Ni/pNi, we know also that 

7V[1/tt] = E K ® E + N and IV^I/tt] = E x ® E + JVj 
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for £ = 1,2 are the (ip, r)-modules over E/< corresponding to the reductions mod p 
of the corresponding Gif-stable lattices. Moreover N% and N are free over E^. and 
the homomorphism Ni — > N is injective; we identify Ni with a submodule of N. 

Lemma 7.2. The following are equivalent: 

(1) the homomorphism N(T) — > N(T 2 ) is surjective; 

(2) iV 2 = N(T)/N(Ti) is /ree ower A+; 

(3) iV 1 = iVnD(T 1 /pT 1 ). 

Proof. If N(T) -> N(T 2 ) is surjective, then 7V 2 = N(T 2 ) is free over A£. Conversely 
if iV 2 is free, then N(T) maps onto a Wach module over Ai in N^), which by 
Theorem 12.171 is of the form N(T^) for some Gif-stable lattice T' 2 in V2] moreover 
N(T 2 ') C N(T 2 ) implies that C T 2 . On the other hand, since N(T) maps to 
N(T^), D(T) maps to D(T^), hence T maps to T^, and therefore T 2 = T^. 

Since B^- <S> A + ^V 2 = N(V 2 ) is free of rank d 2 := dimQ p V2 over _B^, it follows 

from Nakayama's Lemma that iV 2 is free over A^. if and only if 7V 2 /p-/V 2 = N/Ni 
is free of rank d 2 over E^.. Since N and Ni arc free over and the difference 
of their ranks is d 2 , this in turn is equivalent to N/Ni being torsion-free over E^, 
which in turn is equivalent to N± = N n Ni[l/ir}. □ 

Example 7.3. Returning to Example I7.1[ note that since e\ — 7r p_1 e 2 G pN, we 
have -K p ~ x e 2 = -e.\ E N, so e 2 = -7r 1_p ei 6 TV^, where N[ = N n iVi [1/tt] . Thus 
we find in this case that Ni — F p [[7r]]ei, but N 1 = 7r 1_p F p [[7r]]ei, so the criterion 
of the lemma is not satisfied. 

We remark that everything above holds with coefficients; in particular if 

is an exact sequence of Gif-stable 0F-lattices in crystalline representations, then 
the sequence 

-> N(Ti) -> N(T) -> N(T 2 ) -> 
of AX ^-modules is exact if and only if 

N(Ti)/tj7jrN(Ti) = (N(T)/ ra 7 F N(T))nD(T 1 / ra7F T 1 ). 

7.2. Extensions of rank one modules. We now specialize to the case where V\ 
and V 2 are one-dimensional over F, with labelled Hodge- Tate weights &05 ■ • ■ 1 

and (o/_i, «0) • • • 7 a /- 2 ) where each a,, frj > 0. Suppose that we have an exact se- 
quence 

of crystalline F-representations of Gk, and T is a G^-stable (Dp-lattice in V. We 
thus have exact sequences 

-> Ti ->• T -> T 2 ->■ and ->• Ti -> T -> T 2 -> 

where each Tj is a G^-stable CV-lattices in V% and 7 denotes reduction modulo tuf- 
We let N = N(T) be the Wach module over A J- ^ corresponding to T, and N its 
reduction modulo vjf- Thus iV is a free rank two E^- F -module with an action of tp 
and T such that T acts trivially modulo N/ttN. Furthermore Ex : i?ig3 E + N = D(T) 

as (ip, T) -modules over E KjF . Letting N 1 = D(Ti) n JV and N 2 = N/N x , wc see 
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that each n\ is an E F F -lattice in D(T i ), stable under ip and T with T acting 
trivially modulo ir. 

From the classification of rank one (tp, r)-modules over Ek,f, we know that 
D(Ti) = Mcs = ^k,fg for some C G F x and c E Z s . Under this isomorphism, 
n[ corresponds to a submodule of the form {ir r ° , 7r ri , . . . , tt^-^E^ F e. Since T 

acts trivially on E^- F e/7rE F F e and on n'^/ttN'-^, we see that (p — l)\ri for i = 

0. ...,/— 1. Moreover 

¥>*(JVi) = (7r("- 1 > 6 i,...,7r( p - 1 > 6 /-0^i 

for some 6q,...,6^_ 1; all non- negative since iV^ is stable under tp. Similarly we 
have 

tp*(N 2 ) = (7r( p - 1)a 't>,...,ir (p - 1)a 'f-i)N' 2 
for some a' , . . . , a!f_i > 0. 

For the following proposition, recall that Ej (c) — J2i=o c i+jP l wriere Ck is defined 
for k G Z by setting = c fe / if k = k! mod /. We also define a partial ordering on 
Z 5 by c < c? if Q < c- for all i. 

Proposition 7.4. FFii/i i/ie a&cwe notation, we have: 

(1) min(aj,6j) < a- < max(ai,6i), min(a i ,6 i ) < 6- < max(ai,6i) and a ■ + b ■ = 
ai + bifori_=0,...,f-l;^ 

(2) Ifa<borb< a, then {a, b} = {a', b'}; 

(3) Sj(a') > Ej-(a), E^fe') < Ej(6), Ej(a') = Ej(a) mod (pf - 1) and Ej-(6') = 
E, (6) mod (p/ — 1) /or j = 0, ...,/ — 1; 

(4) a = a' i/ and onfo/ if b — b' if and only z/N(T) — > N(T 2 ) is surjective. 

Proof. (1) We first prove that a- + 6- = ai+6j for i = 0, . . . , /— 1. The A F F -module 
N(T) inherits actions of ip and T making it a Wach module in N(V) = 

K,F **K,F 

N(A F V), hence it corresponds to an O^-lattice in A F V. The same is true of 
N(Ti) <8> A + N(T2); since any two such lattices are scalar multiples of each other, 

it follows that the corresponding Wach modules over F are isomorphic, and 
hence that 

^'i ®E+, F % - A 2 e+k f N = (N^O/^N^)) ® E + p (N(T 2 )/ WF N(T 2 )) 

as E^ ^-modules. Moreover the isomorphisms are compatible with the action of tp, 
so a ■ + 6- = at + bi for all i. 

For the inequalities, suppose first that min(aj, bi) = for each i. Since a,- L + bi = 
a'i + b'i, we know that a ■ + 6 ■ < max(ai, bi) for each z, and the result follows. The 
general case follows by twisting T by a character with the correct Hodge structure 
and N(T) by the corresponding Wach module. 

(2) By twisting we can again reduce to the case where min(ai, bi) = for each 

1. The condition a <b or b < a becomes a or b — 0, and we must show that a' or 
b' = 0. The result then follows from the equality a + b = a' + b 1 proved in (1). 

If a' ^ and b' ^ 0, then tpf(N' i ) C ttTV- for i = 1,2, so that tp 2 t(N) C ttTV. This 
means that </? is topologically nilpotent on N in the sense that <p(N) C (tt 7 wf)N 
for some n > 0. 
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On the other hand, the ^-representation V of Gk is ordinary in the sense that 
there is an exact sequence 

->■ V ->• V ->• V/Vo -> 

where Vo is unramified, V/Vq is positive crystalline, and each is one-dimensional 
over F. (lib — 0, then take Vq = V\\ if b ^ Q and a = 0, then the sequence — >■ V% — > 
V — > V% — > splits and we can take Vo to be the image of V2O Since D crys (Vb) c 
D crys (V) = N(V)/ttN(V) and N/nN is a ^-stable lattice in N(l/)/ 7 rN(V r ), we see 
that there is an element eo £ N/irN such that eo G" vuf(N/ttN) and </>(eo) = weo 
for some u G (Of <£> Ok) x ■ Choosing a lift eo G iV of eo, we have that <p(eo) G 
weo + (~k,vjf)N , contradicting that tp is topologically nilpotent on N. 

(3) Since N\ = N (Ti) / 'w i?N (Ti) is contained in N x , we can write N\ = 
(7r*°, 7T* 1 , . . . , ir t f- 1 )N 1 for some integers io>*ij • • • >i/-i > 0. We therefore have 

0*(]V7) = (Trf'STrP* 2 ,...,^- 1 ,^* )^^) 

= (7T 6 0+P*1 , TT b 'l + P t2 , . . . , 7r & /-2+P f /-l ^ TT^Z-l+P' )^. 

On the other hand, we also have 

</»*(iVT) = (7r 6 °,7r 6l ,...,7r i, ^)(lV 1 ) 

= (7T b0+t0 , TT bl+tl , . . . , TT^" 1 ^- 1 )]vi. 

It follows that 6j + <j = b'j + ptj+i and thus + J2iZo ti+jP* = + 

^fjp 1 and therefore that £j(6) = ij(p^ — 1) + T,j(b'). The assertions 

concerning follow, and those concerning Sj(a') then follow using (1). 

(4) We see from the proof of (3) that the hypotheses of Lemma [7T2l are satisfied 
if and only if N\ = N 1 if and only if t = 0. On the other hand 6 = b' if and only 
if tj = ptj+i for i = 0, ...,/ — 1, which implies that £j = i, for i = 0, ...,/ — 1, 
hence is equivalent to t = 0. That a = a' if and only if 6 = b' follows from (1). □ 

7.3. Generic case. In this subsection, we specialize to the generic case in the sense 
of §5.21 namely < a < p — 1 for alH. Recall that if J C S, then there are integers 
di and &i for ieS such that 

• 1 < at < p if i G J, and a; = if i G" J; 

• 1 < h < p if i G" J, and fe; = if z G J; 

• Eies " Eies = Eigs c iP* mod P / - 1- 

Moreover the a.; and 6j are uniquely determined by c and J except in the case where 
we can take either a$ = p for i G J and 6,; = 1 for z ^ J, or a; = 1 for i e J and 
6; = p for i ^ J. 

Lemma 7.5. Suppose that < c$ < p — 1 /or a£Z i. TTien a, < p and bi < p for all 
i unless c = 1 . J = and b — p, or c = p — 2, J = S and a = p. In particular, a 
and b are uniquely determined by c and J except in the above two cases where we 
can also have b or a — 1 instead of p. 

Proof. Suppose that bi — p and consider Xi(c). We have Ei(c) = £i(o) — Si (a) mod 
(pi — 1) and 

l+p+ ■■■+p f - 1 < Si(c) < (p f - 1) - (l+p+ ■■■ + p f ~ 1 ). 
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If £i(&)-£i(o) G [0,p'_-l), then E 4 (c) = Ei(S)-E,-(3) = mod p, so cj = 0, giving 
a contradiction. If Ej(6) -£*(«*) G [l-p / ,0), then E 4 (c) = p 7 - 1 + Ej(6) - Ei(a) = 
p — 1 mod p, so Cj = p — 1, giving a contradiction. If Ej(6) — Si (a) > p-* — 1, then 
< Ei(6) - £<(3) - (p/ - 1) < 1 + • • • +p / " 1 , giving E;(5) = 1 + • ■ • +p / " 1 , so that 
c = 1. J = and b = p. If Ej (6) — Ej(a) < 1 — p^, then similar considerations give 
a contradiction. The proof in the case = p is similar (in fact, one can exchange 
c with p — i — c , J with its complement and a with 6), giving c = p — 2, J = S and 
a = p. □ 

Suppose that Vi = F(xi) an d V2 = F(x2) where xi and \i are crystalline charac- 
ters of Gk with labelled Hodge- Tate weights &o> • • • > &/-2) and (&/-i> a 0i • • • > a f-2) 
respectively, V is an extension 

of representations of Gk over F, and T is a G^-stable 0i?-lattice in V . Letting 
Tx = T n Vi and T 2 = T/Ti, we have 

-)• Ti -> T -> T 2 -> 0. 

Lemma 7.6. Suppose that c G Z s is generic and a, b G Z are as above. If V is 
crystalline, then 

-> N(Ti) N(T) -> N(T 2 ) -4 

is exact. 

Proof. Since V is crystalline, there is a Wach module N = N(T) over A^- F cor- 
responding to T. Since c is generic, we have max(ai,&i) < p — 1 for all i, unless 
{a, b} — {0,p}. If max(<Zj, &j) < p — 1 for all i, then by Proposition 17.41 (1) and (3), 
we have 

• < a\ < max(ai, &j) < p — 1 for all i, and 

• Efjo 1 <P l = Eto OiP* mod (P f ~ !)• 

These conditions imply that a = a! (unless {a, a'} — {0,p — 1}, which would give 
{a, 6} = {0,p — 1} and hence that c = is not generic). If {a, b} = {0,p}, then we 
instead use parts (2) and (3) of Proposition 17.41 to conclude that a — a'. Thus in 
either case, we conclude from part (4) of the proposition that N(T) — > N(T 2 ) is 
surjective, and therefore the sequence of Wach modules is exact. □ 

Now consider a character ip : Gk — > F x . By the classification of rank one (<p, T)- 
modules over Ek,f, there is a unique pair C G F x , c£ Z s with < Cj < p — 1 and 
some a < p — 1, such that T>(F(ip)) = Mqs- Suppose that J c S and a, b G Z s 
satisfying the usual conditions, and that A,B€ F x with BA~ X = C. Recall then 
that we have defined a subspace Ext bdd (M.A5, M B %) of Ext (M^g, Mgj) and an 
isomorphism 

1 : Ext^Mff, M cg ) -y Ext^M^, M B$ ), 

well-defined up to an element of F x . We then define Vj as the preimage of 
Ext^ dd (M J 4g, Mgj). This space is independent of the choices of A and B such 

that BA~ X = C, but for certain J there are two choices for the pair a, b; we denote 
by Vj~ the space gotten by taking a, = p for alii G J and 6,; = 1 for all i $ J, and 
by Vj~ the one gotten by taking m — 1 for all i G J and bi = p for alH $ J. 
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We now also recall the definition of the subspaces of H 1 (Gk , F(ip)) used in [BDJj . 
but we modify the notation from there to be more consistent with this paper. (For 
the translation between the notations, see the remark below.) For ip, J, a, b as 
above, we consider a crystalline lift ipj : Gk F x of ip with labeled Hodge- Tate 
weights (hf-i, h , . . . , ht—2) where hi = —a, if i G J and hi — bi if i G" J. Such a 
character tpj is uniquely determined up to an unramified twist, which we specify 
by requiring that ipj(g) be the Teichmiiller lift of ip(g) for g G Gk corresponding 
via local class held theory to the uniformizer p G K x . When (a, b) is not uniquely 
determined by J, we adopt the notation as usual. Recall that H}(Gk, F(ipj)) 
denotes the space of cohomology classes corresponding to crystalline extensions 

->■ F{^j) -> V -> F -> 0. 

We then dehne the space L'j as the image in H 1 (Gk ,F(ip)) of the preimage in 
^(Gk, O f $j)) of H){G K ,F{^j)). We set Lj = L'j except in the following two 
cases: 

• If -0 is cyclotomic, J = S and a = p, we let Lj — H 1 (Gk, F(V0)- 

• If t/j is trivial and J 7^ S, we let Lj be the span of L'j and the unramihcd 
class. 

As usual we disambiguate using the notation L^. More precisely, we define V>j 
as above, taking all a,; = p and bj = 1 for ipj, and all ai — 1 and bj = p for 
'tpj. We then define as the image in H 1 (G k ^ {4>)) of the preimage in 

^(Gk-.Of^)) of Hj(GK, Ffyj)^). We then make the same modifications as 
above in the same exceptional cases to obtain the space Lj. In particular, the first 
exceptional case above actually only applies to Lj. We identify Lj (or Lj) with 
subspaces of Ext 1 (Mg, Mqe) via the isomorphisms 

H X {G K ,¥{^)) = Ex4 [Gk] (F,F(V)) - Ext 1 (D(F),D(F(^))) = Ext^Mg, M cs ), 

the last of these given by an isomorphism D(F(?/>)) = Mcs which is unique up to 
an element of F x . 

Remark 7.7. The article [BDJj (after Lemma 3.9) defines spaces L a C H 1 (Gk, F p (tp)) 
for certain pairs (V, J) where J C S and V is an irreducible representation of 
GL,2(fc). The relation between the spaces is that = Lj ®-p F p where 

J = {i\i - 1 G J'} and if V ^ ® ieS (det mi <g) fc Sym ni_1 fc 2 ® fciTi F p ) , then we 
take cii — rii_i if i G J and bi = if z G" J. (The space L(yj^ is in fact inde- 
pendent of to, and when there are two choices of n compatible with tp and J', the 
resulting spaces L^yj,} are gotten from Lj in the evident way.) 

We now prove our main result in the generic case. 

Theorem 7.8. Suppose that c is generic. 

(1) Suppose that J 7^ S (resp. J if c = p — 2 (resp. c = 1). Then Vj = Lj, 
so Lj = (BiejL^y. 

(2) Ifc = p-\ and J = S, then Vf = Lj , so Lj = ® ieJ L {i] if f > 1. 

(3) Ifc = 1 and J = 0, then Vf = L f = {0}. 

Proof. We first prove (1). Suppose that x G Lj, so x is a class of extensions 

Af C c -» £ ->■ Mg -)• 
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corresponding via D to a class of extensions of Galois representations 

0->F(» -^T^F^O. 

The assumption that x G Lj means that there is an extension 

-> O f $j) — > T — > Of — > 

whose reduction mod wf is T and such that F(3q f T is crystalline. Let ^2 : G\k — > 
F x be a crystalline character with labeled Hodge- Tate weights (a/-i, ao> • • • , a/— 2) 
and let t/>i = tpj^- (Recall that dj = if i J and &j = if i G J.) Then ipi 
is crystalline with Hodge- Tate weights &0i • • • j bf-2) an d we have an exact 

sequence 

Tj -4- T(^ 2 ) -»• T 2 -> 

where T, = Ci?(^i) and F®o F T(ip2) is crystalline. By Lemma 1731 the correspond- 
ing sequence of Wach modules over A J F 

->• N(Ti) -> iV -> N(T 2 ) ->• 

is exact. Reducing mod tstf, we obtain an exact sequence of free ^-modules 
with commuting ip and T actions such that T acts trivially mod it. Tensoring with 
Ert,f yields an exact sequence 

-> M Bg -> £' -> M Ag -> 

of {ip, r)-modules, bounded with respect to a basis for N. It follows that E 1 defines 
an element of ExtJ )dd (M J 4a, M„j). Moreover this exact sequence is gotten from the 
one defining x by twisting with Mas, so we have shown that l{x) is bounded, and 
hence that x G Vj. Thus Lj C Vj. 

By Proposition l5.4l of this paper and Lemma 3.10 of |BD J] . we have that dimp Vj — 
\J\ = dim F i,/ = |J|; therefore Lj = Vj. The assertion that Lj = ®i^jLu\ then 
also follows from Proposition 15.41 

The proof of (2) and (3) is exactly the same as (1), except that for (2) in the 
cyclotomic case one uses Proposition [63] □ 

Remark 7.9. We see from the proof of the theorem that in the definition of Lj, 
ipj can be replaced by its twist by any unramified character Gk — > O f with trivial 
reduction mod wf- This can also be proved using Fontaine-Laffaillc theory. 

However in the case where ip is cyclotomic, J = S and a = p, we defined Lj as 
iJ 1 (Gif , F(f/;)) rather than Lj. In fact Lj has codimension one and depends on 
the unramified twist, as the next proof shows. 

As a further application, we show that in the generic case, bounded extensions 
"lift" to extensions of Wach modules. 

Corollary 7.10. Suppose that c G Z is generic and a,b G Z s are as above and 
that 

-)• M Bi ->• E -> M AS -> 
is a bounded extension of (<p, T) -modules over ~Ek,f- In the case A — B , c — 
p — 2 and a = p, assume F is ramified. Then the extension E arises by applying 
f® a+ to an exact sequence over Ai F of Wach modules of the form 

-> N(V»i) -> N ->• N(> 2 ) ->• 
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where tpi (resp. 1P2) is a crystalline character with labeled Hodge-Tate weights 
(bf-i,b ,...,bf- 2 ) (resp. (0/-1, ao, • • • , aj-i))- 

Proof. First assume we are not in the exceptional case where A = B, c — p — 2 and 
a = p. Since the extension class defined by E is bounded, the equality Vj = Lj 
of the preceding theorem shows that E arises by applying D to the reduction mod 
wf of a crystalline extension 

-> F (ipx) -> T -4 F (<if> 2 ) -> 

where "01 and ip2 have the required Hodge-Tate weights. Lemma 17.61 then gives the 
desired extension of Wach modules over Ai F . 

Suppose now that A = B, c = p — 2 and a = p. Consider the class x := l(E) G 
Ext 1 (Mg, M^^) = H 1 (Gk, F(x)) where x denotes the cyclotomic character. We 
claim that there is an unramified character /1 : Gk — * with trivial reduction 
mod otf so that x is in the image of H 1 (Gk, Of(x p ^))- (This is essentially proved 
in Proposition 3.5 of |KW09a] or Section 3.2.7 of [KW09b , but there it is assumed 
that x is tres ramifie, so we recall the argument here.) The long exact sequence 
associated to 

-y O f { X » ^ OfWh) -+ P(x) -> 

shows that the image of H 1 (Gk,O f (x p h)) is the kernel of the connecting homo- 
morphism 

H\G K ,¥{ X )) ^ H\G K ,0 F { X P V))- 
By Tate duality this is the space orthogonal to the image of the connecting homo- 
morphism 

H^GkAF/Of^x 1 -^- 1 )) H\G K ,F) 

arising from the dual short exact sequence. Letting a denote the homomorphism 
Gk — > F defined by (x 1_p — l)/p> and (3 the unramified homomorphism sending 
Frobx to 1, we find that the image of the connecting homomorphism is spanned 
by /3 if fi ^ 1 mod pO F (which is possible as F is ramified over Q p ) and by a + A/3 
if /i(Frobx) = l+p\ mod pvdfOf- If x U /3 = then we can take /x ^ 1 mod p0F, 
and if xU/3 / then there is a unique A so that A(xU/3) = — xUa and we choose /j, 
accordingly. Now since H 1 (Gk,F(x p L 1 )) = H}{Gk,F(x p 1 1 ))7 we see that E arises 
from the reduction of a crystalline extension of the required form, and the result 
again follows from Lemma 17.61 □ 

7.4. / = 2. In this subsection we will show that if / = 2, then Lj = Vj (or 
ij = Vf) unless c = 0; in other words, the space of bounded extensions coincides 
with the one gotten from reductions of crystalline extensions of the corresponding 
weights unless the ratio of the characters is unramified. Furthermore, we give a 
complete description in this exceptional case. 

Before treating the case / = 2, we note what happens in the case / = 1. The 
case c 7^ is already treated by the results of the preceding section. Assume for 
the moment that p > 2. Then the proof goes through just the same if c = and 
J = S = {0}. Suppose then that c — 6 and J = 0. If C ^ 1, then Vq, = L = {0}, so 
there is nothing to prove. If C = 1, then we have Vq = {0}, but Ly, = H 1 (Gq p , F). 
Indeed all such classes arise as reductions of lattices in representations of the form 
Q P © Qp(x 1_p M) with fi unramified; the corresponding Wach module is described 
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just as in Example 17.11 and so does not give rise to a bounded extension. If p = 2, 
there arc differences in the case C = 1 (sec Rcmark l6.14p . In that case 

V.s = = L t = ^ (Gq 2 ,F) = (B ni , B cyc , B tT ) 

and V+ = Vf = {0}, but L S =L $ = (B nl ,B cyc ) and L+ = (B nl -,B tl ). (For 
the explicit descriptions, note that the extensions of Galois representations are 
unramificd twists of ones on which Hk acts trivially, and if Hk acts trivially on T, 
then D(T) = E K ® T.) 

We now turn our attention to / = 2. We maintain the notation of the preceding 
section, without the assumption that c is generic. In particular J C S and a, b sat- 
isfy the usual conditions, V\ and V2 are one-dimensional crystalline representaions 
with labelled Hodge- Tate weights (61,60) and (ai,ao), V is an extension of V2 by 
Vi, T is a G^-stable C F -lattice in V, Ti = T n 7i and T 2 = T/Ti. The refinement 
of Lemma T7. 61 is the following: 

Lemma 7.11. Suppose that f = 2 anrf 0. IfV is crystalline, then 
-> N(T0 -> N(T) -> N(T 2 ) -»• 

is exact. 

Proof. Since the generic case is covered by Lemma 17.61 we can assume (interchang- 
ing embeddings if necessary) that c = (i, 0) for some i G {1, . . . ,p— 2} or c = (i,p— 1) 
for some z G {0, . . . ,p — 2}. The cases where J = or J = S are covered by the 
same argument (using parts (2), (3) and (4) of Proposition I7.4|) . as are the cases 
where c = (i, 0) or J = {1} (using parts (1), (3) and (4) of the proposition). We are 
thus left with the case where c— (i,p — 1) for some i G {0, ... ,p — 2} and J = {0}, 
in which case a = (p — i, 0) and b — (0,p). In the notation of Proposition 17.41 the 
possible values of V are (0,p) and (1,0). To complete the proof, we must rule out 
the latter possibility, which we accomplish by considering the reduction of N(T) 
modulo p 2 . From the exact sequence 

D(Ti) ->• D(T) D(T 2 ) -)• 

and the description in [Dou07] of rank one (ip, r)-modules recalled in we see 
that there is a basis {ei,e2} for D(T) over Ak,f in terms of which the matrices 
describing the actions of ip and 7 G T are 

(¥>(A$),A*) * \ 

(A^,^(A 7 )f-) ; 

for some i,B e On the other hand, since V is crystalline, there is a basis 

{e' l7 e 2 } for D(T) over Ak,f in terms of which the matrices P' and G 7 describing 
these actions lie in GL 2 (A^- F ), with G 7 = I mod 7rM 2 (^4^- f ). If we assume that 
further that b' = (1, 0) (and so a! = (p — i — l,f>)), then we can choose e[, e 2 that 

-, = / (BnP-\l) * \ T , _ ( (A 7 ,A 7 ) 

where 7 denotes reduction modulo wp. Since D(T) = Ak.f ®a+ N(T), we can 
write (e' 1; e' 2 ) = (ei, e 2 )Q for some Q G GL 2 (Ai^f), and then we have 

P' = Q^PpiT) and G' = Q~ 1 G~ / ~/(Q) for all 7 6 f. 



P=f - * J and G 7 =f 
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Claim: Q = RS mod pA.K,F for some matrices R 



a(q \1) * 
/?(<?,!) 



GL 2 (Ak iF ) with a,(3 E O f , and S E I + zu F M 2 (A^ F ). 

Since F may be ramified over Q p , we prove the claim by showing inductively 
that Q — R m S 7n mod w™Kk,f for some matrices R m , S m of the prescribed form 
for to = 1, . . . , e where e = e(F/Q p ). 



To prove the statement for m = 1, note that setting R 
gives 



(9,1) 



So 



«o ^(«oj - ^ ^(p-ijb-ij^^-i)) 

So if we write R = RqSq, then 

/ (B7rP-\l) * \_ / (SttP- 1 ,!) * 

^ (^b-iXp-i^Pb-i)) J - ^ o ( j47r (p- l )( P -i) j7rP (p-i)) 

It follows easily that So = q ^ ^ for some a, (3 E F x , (5 E E^-j. Choosing 
lifts a, /3 e and (5 e Ak, F and setting i?i = R ^ ^ ^ ^ gives the result for 

TO = 1. 

Suppose now that m e {1, . . . , e — 1} and that Q = R m S m mod zu f Ak, F with 
-Km, S>n of the prescribed form. Setting Q m — R^QS^ 1 , we have Q m = I+zu r F Q' m 
for some Q' m E M 2 (Ak, F )- Define 

Rm = Pm P^f(Pm) 7 G~y^ m — R m G~y^f(R m \ 

P m = S m 1 P'ip(S m ) and G' ltm = S-^G' ll {S m ), 
so that P' m = Q m 1 P m <f(Qm) and G' im = Q r ^G' im -y{Q m ). 

Note that P' m E M 2 (A+ F ), G'^ m E 7+7rM 2 (A+ F ), P m = P' m mod m^M 2 (A KiF ), 
G 7iTO = G 7>m mod w^M 2 (A k ,f), 

P "»=^ o (^(p-i-DCp-D^pC-D) J modpM 2 (A^ F ) 

/ (A A p ) * \ 

andG 7 , m = 7 ; 7 Mp2+P _ i _ 1 xp 2_ ip ^ ) modpM 2 (A K , J F). 



(A^ +f- 4 - 1 ,AP 

Note that since to + 1 < e, the last two congruences hold mod w^ +1 , and that 
Q- 1 =1- m^Q' m mod w^ +1 U 2 (A K>F ). It follows that 

P m ^(I- W?Q' m )P m {I + ^pMn)) 

= P m + VJ F \P mV (Q' m ) - Q'mPm) mod tU™ +1 M 2 ( A K , F ) , 

and therefore that 

^P(PrrMQ' m ) - QM = P' m ~ P m = W% ( * » ) mod W ™ +1 M 2 (A*, F ) 

with x,z,w E A^ F . Note that P m = p', so we have P'tp(Q' m ) - Q m P' = 
J for some x, z, w G E^- F , y e E^jr. Similarly we find that G 7 j(Q rn ) — 

Q'mG' = ( ^ 7 ^ ) for some x 7 , z 7 , w 1 E ttE+ f , y 7 E E k ,f- 

\ Zj Wj J 
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Writing 

n' - f ( r o,»"i) (so,si) 



(*o,*i) (uo,ui) 

with r , ri, . . . , wo, w i G F((7r)), the condition that z G E^- F becomes 7r p ( p_1 ^o(7 r ) p — 
ti(7r),A7r(P- l - 1 )(P- 1 )ii( 7 rP) - Btt p -H g {tt) 6 F[[tt]], from which one deduces that 
vaLr(to) > 1 — P and val^i) > 0. The condition that z 7 G 7rE F F then be- 
comes that 7(io)A p2+p ~ 1 ~ 2 - to £ 7rF[[7r]]. Lemma 14.21 rules out the possibil- 
ity that 1 — p < val 7r (t ) < 0, and Lemma 14.41 rules out the possibility that 
vaLr(£o) = 1— P- Therefore (t ,ti) G E FF . Since P G M 2 (E FF ), the condition 
that x G E FF then becomes that n p ~ 1 (r 1 (n p ) - r (w)), r (n p ) - ri(n) G F[[n}}, 
which implies that (rn,ri) G E^- F . The condition that w G E^ F becomes 
that Tr^- 1 - 1 )^- 1 }^!^) - u {7r)),ir p( P- 1 'iuo(7r p ) - Ui(tt) G F[[tt]], which implies 
that val Tr (wo) > 1 — p and val^iii) > i + 2 — p. Since (to,ti) G E^ F and 

G 7 = / mod 7rM2(E^- f ), the condition that W 7 G 7rE+. f becomes that j(ui) — Ui G 
7rE F F for i = 0, 1, so that Lemmas 14.21 and 14.41 again imply that (uq,ui) G E f , f . 

We can thus lift Q' m to a matrix ( ^ * ^ G M2(Ak,f) with r, i,w G A^ F . 
1 ra™s \ / l + m™r 



Setting i? m+1 = R m y Q J I and S m+1 = I 1 + J then 

gives Q = ^m+iSm+i mod ra7 F +1 M2(A^- p) with i? m+1 ,5 m+1 of the prescribed 
form, and completes the proof of the claim. 

To derive a contradiction from the claim, we proceed as in the proof of the 
induction step above, but with m = e and working modulo ro F +1 . More precisely, 
we define Q e , Q' e , P e , G 7 , e , P' e and G 7 e as above; the difference now is that the 
congruences satisfied by P e and G 7>e modulo p are not satisfied modulo pwF- In 
particular, the upper-left hand entry of P e is (Aq,q p /ip(q)), and a straightforward 
calculation shows that 



q» 



1 + p(g(n- p ) - gin- 1 ) + /(tt)) mod p 2 A Qp 



where g{X) = YfiZli-Xf/i and /(tt) G A+ p . As before, we have PV(Q' e ) - 

/ / I x u \ _l_ 

Q e P = I _ _ J with z G EJ- F since P e is upper-triangular, but now x, G 
(0, c(g(TT~ p ) — .g(7r -1 ))) + E^, F for some c e F x (the reduction of p/wp). Similarly 



we have G 7 7(Qg) — Q e G' 7 — I ^ 7 ^ 7 J with z 7 G vrEj^,. So just as before 

we get (t ,ti) G E FF , but this implies that ir p ~ 1 (ri(ir p ) - r (7r)) G F[[tt]] and 

r o( 7rP ) — ^i(tt) G c (.9( 7r_p ) — ffC 71 " -1 ))) + F[[7r]], which leads to a contradiction and 
completes the proof of the lemma. □ 

Theorem 7.12. Suppose that f = 2 andc^O. Then Vj = Lj (or Vf = Lj) for 

all J C S . In particular £{o} = -^{1} */ an< ^ only if c = (i,p — 1) or (p — /or 
some i G {1, . . . ,p — 2}. 

Proof. The proof of the first assertion is exactly the same as for Theorem 17.81 The 
second then follows from the corresponding result for Vj in £ 15.31 □ 
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Theorem 11.21 of the introduction now follows in view of Corollary 13.31 

Remark 7.13. Again we see that in the definition of Lj, ipj can be replaced by its 
twist by any unramificd character with trivial reduction; the cases where some at 
or bi is p (with J — {0} or {1}) are outside the range of Fontaine-Laffaille theory. 

Note also that the case where we had to work the hardest in the proof of 
Lemma 17.111 is precisely the one where £{o} = ^{i}- 

By the same proof as Corollary 17. 101 we obtain: 

Corollary 7.14. Suppose that f = 2 and c and a,b £ Z s are as above and 
that 

M Bl -^E^M AS ^0 
is a bounded extension of {f,T) -modules over ~Ek,f- In the case A = B , c — 
p — 2 and a = p, assume F is ramified. Then the extension E arises by applying 
E^,f® a + to an exact sequence over A J F of Wach modules of the form 

-> N(V»i) -> N -»• N(V»2) -> 

where ip\ (resp. 1P2) is a crystalline character with labeled Hodge-Tate weights 
(h,b ) (resp. (ai,a )). 

We now say what we can in the case c = 0. First note that the proof of 
Lemma \7. Ill goes through in the following cases: 

• J = S, in which case a = p — 1 (or 2 if p = 2); 

• J = {0}, a = (p, 0), b = (0, 1) (the + case); 

• J = {1}, o= (0,p), 6 = (1,0) (the + case). 

The proof of Theorem 17.121 goes through in these cases unless J = S, p = 2, 
a = 1, C = 1 where we get L§ C Vg", but dimLg = 3 ^ dimV^~ = 4 (see 
Remark 16. 14)) . In this case however we know that consists of the peu ramificc 
extensions. To compute the corresponding (<p, r)-modules, note that Vjty = it, 
contains the classes arising from reductions of Galois stable lattices in F(^tp 2 ) © 
F(ij)' T ) where if) : Gk O f is a crystalline character with labeled Hodge-Tate 
weights (0, 1), a is the non-trivial element of Ga^-K/Qa), and /i : Gk — > O f is an 
unramified character with trivial reduction mod wp. These classes correspond to 
homomorphisms Gk F whose restriction to inertia is a multiple of the reduction 
of l/2(-0 <T ?/' _2 — l)|j K . One can compute these explicitly using class field theory 
and check that they are peu ramifiee. It follows that ^~ ^s> an< ^ similarly 

L^j C Lg, so that Lg = (B m , B , B\). 

If J = 0, we have V$ = {0}, and L$ = {0} unless C = 1. If C = 1, one 
can compute the extensions and associated (yj, r)-modules explicitly since they are 
unramified twists of representations on which Hk acts trivially. If p ^ 2, one 
gets L = (B nl ,B cyc ). If p = 2, one gets = (B nl -,B cyc ) (with 6 = 1) and 

L = (B ni ,B tI ) (with 6 = 2). 

The most interesting is the — case when 5 = {0} or {1}. For example if S = {0}, 
a = (p, 0) and b = (0, 1), the proof of Lemma \7 . 1 1 1 breaks down, but we see that 
if the associated sequence of Wach modules is not exact, then a' = (0,1) and 
b' = (p, 0), so the extension of (<p, r)-modules associated to T is in VV^j. Since 
Vtqi C Vj^i, it follows that L7 i C V7j\, and dimension counting implies equality. 
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We therefore have that is contained 
one. Similarly V£j\ is contained in £7n = 
Putting everything together we get: 



in = ^{1} = ^{1} w 'th codimension 
= Vrni = ^/n\ with codimension one. 



Theorem 7.15. Suppose that f = 2, c = 0. 

(1) IfC^ 1, then: 

• ifp>2 then L S = V S = Ext 1 (M 5 , M c5 ); 

• ifp = 2 iften L| = 1^ = Ext x (M ff , M c3 ); 

• ^{0} = ^{1} = 1°}' a7ld ^{o} = L ti} = V {i} ^ ^{o} = ^{0} = L {1}> 

• ifp>2 then L % = Vq ) = {0}; 
. if p = 2 then L± = V± = {{)}. 

(2) IfC = l, then: 

• ifp>2 then L S = V S = Ext 1 (M 5 ,M s ); 

• ifp = 2 then L<t = Vg = Ext x (M ff , A%) and L s = (5 nr , Bo, 

• V {o} = V {i} = (Air), £{0} = = V^+j = (B nl , B\) , and L^ 1} = 

L{0} = ^{0} = ( B nr,B ); 

• ifp > 2 then Vjj = {0} and L$ = {B m , B cyc ); 

• ifp = 2 then = {0}, L| = (B nt ,B cyc ) and Lq = (B m ,B iT ). 

Note that the strict inclusion C implies the existence of non-split 

crystalline extensions — > -F(V'i) — > V — > F(ip2) with Galois stable Op- 
lattices T such that the corresponding sequence of Wach modules over A J. F is not 
exact (with ipi and ip2 of labeled Hodge- Tate weights (p, 0) and (0, 1) respectively). 

As in Remark 17. 131 we see that the definitions of Lj are independent of the 
choice of unramified twist, unless C = 1, J = and F is ramified, in which case 
twisting by an unramified character which is trivial mod wf but not mod p would 
give L'j = Lj = (B nl ), 

Finally we remark that the proof of Corollary 17.141 goes through when c — 
except in the following two cases where C = 1: 

• If p = 2 and 3=1, then only classes in Lg lift (see Remark l6.14j) . 

• If a = (1, 0) and b = (0,p) (or a = (0, 1) and b = (p, 0)), then we have not 
determined whether B nr lifts. 
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